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MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE
ABHISHEK GOSWAMI
Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260, USA
Abstract. A non perturbative proof of the mass generation of fermions via the Higgs
mechanism is given. This is done by showing exponential decay of the two point fermionic
correlation function in a weakly coupled U(1) Higgs-Yukawa theory on a unit lattice in
d = 4. This decay implies that the Higgs boson, the photon and the fermion all have a
non zero physical mass and the theory is said to have a mass gap.
1. Introduction
The recent discovery of the Higgs particle at the CERN Large Hadron Collider (LHC) [1], [2]
is one of the biggest achievements of the modern physics. It completes the Standard Model
of particle physics and thus, our understanding of the mass generation ofW± and Z bosons
through the Higgs mechanism. While the Higgs was first introduced in the Standard Model
to explain the mass generation of gauge bosons, it is widely accepted that even fermions
also get their mass due to interaction with the Higgs via Yukawa coupling. One of the
major success at the LHC since the discovery of the Higgs particle is a direct evidence of
Yukawa coupling of the Higgs to the top quarks in agreement with the Standard Model (for
example, observation of the production of the Higgs through tt¯H mechanism [3]). However,
a rigorous proof of the mass generation of fermions is absent in the literature. Here, we
build upon our work on the mass generation in a weakly coupled U(1) Higgs theory [4] and
study the fermion field weakly coupled to the Higgs via Yukawa coupling constant. This
is known as U(1) Higgs -Yukawa model.
In our earlier work, we revisited the proof of the Higgs mechanism on a unit lattice due
to Balaban, Imbrie, Jaffe and Brydes [5] by applying a new power series cluster expansion
developed by Balaban, Feldman, Kno¨rrer and Trubowitz [6] and showed the existence
of a mass gap for the observable electromagnetic field strength Fµν . We concluded that
our method was conceptually simple and also provided a clean alternative to decoupling
expansions for Gaussian measures (see for example, [7]). Then we constructed a similar
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power series expansion for the fermionic systems [8] and applied it to prove exponential
decay of the two point fermion correlation function in a massive Gross Neveu model on a
unit lattice. Here, we use the two expansions together and continue our work on the Higgs
mechanism to show the mass generation of fermions. We do that by establishing a mass
gap in U(1) Higgs -Yukawa model on a unit lattice in d = 4.
1.1. The model. We work on a 4 dimensional Euclidean unit lattice which is a torus
T = (Z/LZ)4, where L is a large positive integer. At every site x ∈ T, we have a Higgs
doublet; φ(x) = φ1(x) + iφ2(x). A bond b is a link between adjacent sites (x, x + eµ).
Aµ(x) = A(x, x + eµ) is an oriented U(1) gauge field defined on the link (x, x + eµ). A
plaquette p ∈ T is a unit square formed by the bonds (x, x+ eν), (x+ eν , x+ eµ+ eν), (x+
eµ + eν , x + eµ)and(x + eµ, x) and (dA)(p) =
∑
b∈∂pAb is the field strength. T
∗ and T∗∗
denote the set of all bonds and plaquettes respectively.
At every x ∈ T, define independent spinors ψα(x) and ψ¯β(x) where 1 6 α 6 4 and 1 6 β 6 4
are spinor indices. Here, ψα(x) and ψ¯β(x) form the basis of a vector space V over field C
with anti-commuting property,
(1.1) {ψα(x), ψ¯β(x)} = 0, ψα(x)ψ¯β(x) = −ψ¯β(x)ψα(x).
ψα(x) and ψ¯β(x) are known as Grassmann variables. Let γ1, γ2, γ3, γ4 be Dirac matrices
and let γ5 = −γ1γ2γ3γ4. Define projection operators
(1.2) PR =
1
2
(1+ γ5) PL =
1
2
(1− γ5)
such that PLPR = 0, PL+PR = 1, P
2
L = PL and P
2
R = PR. Let (see for example, [9])
(1.3)
ψL(x) = PLψ(x), ψR(x) = PRψ(x),
ψ¯L(x) = ψ¯(x)PR ψ¯R(x) = ψ¯(x)PL.
ψL(x), ψR(x), ψ¯L(x) and ψ¯R(x) are known as Weyl fermions.
While ψR(x), ψ¯R(x) do not interact with the gauge field Aµ(x), ψL(x), φ(x) acquire a phase
factor eie0Aµ(x) upon translating along the link (x, x+eµ) and ψ¯L(x) acquires a phase factor
e−ie0Aµ(x) under the same operation. e0 is the gauge coupling constant and e0 ≪ 1.
Definition. Define covariant Dirac operator
(1.4) DA = γ · ∇A − 1
2
∆A, ∇A,µ = 1
2
(∂A,µ − ∂T−A,µ), ∆A = −∂T−A,µ∂A,µ
where for some ψ,
(1.5)
(∂A,µψ)(x) = e
ie0Aµ(x)ψ(x+ eµ)− ψ(x)
(∂T−A,µψ)(x) = e
−ie0Aµ(x)ψ(x− eµ)− ψ(x)
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and
(1.6)
(DAψ)(x) = −
4∑
µ=1
[(1− γµ
2
)
eie0Aµ(x)ψ(x+ eµ) +
(1 + γµ
2
)
e−ie0Aµ(x)ψ(x− eµ)− ψ(x)
]
.
Define Dirac operator,
(1.7) D = γ · ∇ − 1
2
∆, ∇µ = 1
2
(∂µ − ∂Tµ ), ∆ = −∂Tµ ∂µ
where for some ψ,
(1.8) (∂µψ)(x) = ψ(x+ eµ)− ψ(x), (∂Tµ ψ)(x) = ψ(x− eµ)− ψ(x)
and
(1.9) (Dψ)(x) = −
4∑
µ=1
[(1− γµ
2
)
ψ(x+ eµ) +
(1 + γµ
2
)
ψ(x− eµ)− ψ(x)
]
.
The terms ∆A and ∆ in (1.4) and (1.7) are due to Wilson’s method to fix the fermion
species doubling phenomenon.
Action. The action for U(1) Higgs-Yukawa model is
A(ψ¯, ψ, φ,A) = SNC(A) + SH(φ,A) + SY (ψ¯, ψ, φ,A).
SNC(A) is the non compact lattice action given by
(1.10) SNC(A) =
1
2
∑
p⊂T∗∗
(dA)2(p)
SH(φ,A) is the lattice Higgs action given by
(1.11) SH(φ,A) =
1
2
∑
x∈T
4∑
µ=1
|eie0Aµ(x)φ(x+ eµ)− φ(x)|2 +
∑
x∈T
(
λ|φ(x)|4 − 1
4
µ2|φ(x)|2)
where λ is the Higgs self coupling constant with λ ≪ 1 and µ is a fixed positive con-
stant.
SY (ψ¯, ψ, φ,A) is the action of lattice fermions interacting with the Higgs particle via
Yukawa coupling constant g and g ≪ 1. It is given by
(1.12)
SY (ψ¯, ψ, φ,A) =
∑
x∈T
ψ¯L(x)DAψL(x) +
∑
x∈T
ψ¯R(x)DψR(x)
+
∑
x∈T
[
g
(
ψ¯L(x)φ(x)
)
ψR(x) + g ψ¯R(x)
(
φ¯(x)ψL(x)
)]
.
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 4
Thus the action for U(1) Higgs-Yukawa model is
(1.13)
A(ψ¯, ψ, φ,A) = 1
2
∑
p∈T∗∗
(dA)2(p) +
1
2
∑
x∈T
4∑
µ=1
|eie0Aµ(x)φ(x+ eµ)− φ(x)|2
+
∑
x∈T
ψ¯L(x)DAψL(x) +
∑
x∈T
ψ¯R(x)DψR(x) +
∑
x∈T
(
λ|φ(x)|4 − 1
4
µ2|φ(x)|2)
+
∑
x∈T
[
g
(
ψ¯L(x)φ(x)
)
ψR(x) + g ψ¯R(x)
(
φ¯(x)ψL(x)
)]
.
This is constructed to be gauge invariant.
Partition function. For x ∈ T and for b ∈ T∗, let dψα(x), dψ¯β(x), dφ1(x), dφ2(x), dAb
denote Lebesgue measure on R. Denote
∏
x dφ1(x)dφ2(x) = Dφ,
∏
x,α dψα(x) = Dψ,∏
x,β dψ¯β(x) = Dψ¯ and
∏
b dAb = DA. Then the non compact (NC) partition function for
U(1) Higgs-Yukawa model is given by
(1.14) ZNC =
∫
DφDADψDψ¯ e−A(ψ¯,ψ,φ,A)−G(A)
where G(A) =
∑
x∈T
1
2(δA)
2(x) + const is the gauge fixing term and δ is the adjoint of
differential operator d with respect to l2 inner product. Gauge fixing is needed to make
the integral (1.14) converge. See the work on the Higgs mechanism [4], [5] for the treatment
of G(A). We make use of the equivalence of periodic compact (i.e. gauge field integral
over the interval
[ − πe0 , πe0 ]) formalism and non compact formalism [5]. The equivalence
is
ZNC =
(2π
e0
)−|T|+1
ZC
and rewrite the partition function (see [4], [5] for details)
(1.15)
ZNC =
(2π
e0
)−|T|+1 ∑
v:dv=0
∫ π
e0
− π
e0
DA
∫
DφDψDψ¯ e− 12
∑
p |(dA+v)(p)|2−SH (φ,A)−SY (ψ¯,ψ,φ,A).
The curvature dA acquires a dependence on vortex field v ∈ 2πe0 Z.
Truncated correlation. To study the fermion-fermion truncated correlation function,
first we need to define a generating functional using some external sources. At every x ∈ T,
let {Jα, J¯β} be basis for a vector space V ′ over field C such that
(1.16)
{ψα(x), ψ¯α(x)} = 0, {Jα(x), J¯α(x)} = 0, {ψα(x), Jα(x)} = 0,
{ψ¯α(x), J¯α(x)} = 0, {ψ¯α(x), Jα(x)} = 0, {ψα(x), J¯α(x)} = 0.
Here, {Jα, J¯β} are external sources. Denote
〈J¯, ψ〉 =
∑
α,x
J¯α(x)ψα(x) 〈ψ¯, J〉 =
∑
α,x
ψ¯α(x)Jα(x)
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The generating functional is given by
(1.17)
Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
v:dv=0
∫ π
e0
− π
e0
DA
∫
DφDψDψ¯
e−
1
2
∑
p |(dA+v)(p)|2−SH (φ,A)−SY (ψ¯,ψ,φ,A) ee0〈ψ¯,J〉+e0〈J¯,ψ〉
The truncated two point fermion correlation function is defined as
(1.18)
〈ψ¯β(x2)ψα(x1)〉 − 〈ψ¯β(x2)〉〈ψα(x1)〉 = 〈ψ¯β(x2)ψα(x1)〉T
=
1
e20
δ
δJ¯α(x1)
logZ[J, J¯]
δ
δJβ(x2)
∣∣∣∣
J=J¯=0
1.2. Classical Higgs mechanism. Note that in the action (1.13), there are no explicit
mass terms for the fields φ,A, ψ, ψ¯ (a mass term for fermion is like ψ¯ψ = ψ¯LψR + ψ¯RψL).
First we discuss the classical appearance of the mass terms in the action. Classical mass
refer to the mass term in the zeroth order of perturbation theory, i.e., without quantum
corrections. Since, A(ψ, ψ¯, φ,A) is gauge invariant (U(1) symmetry), change variables
as
(1.19)
φ→ eiθρ, φ¯→ e−iθρ, A→ A− dθ
e0
,
ψL → eiθψL, ψ¯L → e−iθψ¯L, ψR → ψR, ψ¯R → ψ¯R.
Let ψθL, ψ¯
−θ
L , φ
θ, φ¯−θ, Aθ denote the gauge transformed variables. The action (1.13) is inde-
pendent of θ. Since, DAθψ
θ
L = (DAψL)
θ and ψ¯−θL (DAψL)
θ = ψ¯LDAψL, d(A
θ) = dA since
d2θ = 0 as θ is a 0-form and due to the absolute value of the Higgs.
The expectation of the Higgs is
(1.20) 〈φ(x)〉 =
∫
DψDψ¯
∫
DA
∫
dρρ(x)e−A
∫ π
−π
dθ ρ(x)eiθ(x) = 0.
Remark 1. In physics literature, the expectation of the Higgs is taken to be non zero
to explain the Higgs mechanism. This is because the mechanism is explained using spon-
taneous symmetry breaking (SSB) of the U(1) symmetry in the action A. After SSB, a
specific value (unitary gauge) is chosen for θ(x) to eliminate the unphysical angular degree
of freedom (Goldstone boson). The remaining massive degree of freedom ρ(x) is then re-
ferred to as the Higgs. In our model we do not assume SSB instead we average over all the
possible values of θ(x) which is (2π)|T| and drop this constant.
Higgs potential in the new variables is
(1.21) V (ρ) = λρ(x)4 − 1
4
µ2ρ(x)2
with minimum at ρ0 =
µ√
8λ
. The weight factor e−V (ρ) pushes the measure dρ towards ρ0.
Since, µ is fixed and λ is extremely small, this forces ρ0 away from 0. Thus we expand
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A about ρ0 and get a mass term for gauge field mA = e0 ρ0 and a mass term for fermion
mf = g ρ0. Substituting ρ→ ρ0 + ρ the total action is
(1.22)
A(ψ, ψ¯, ρ,A) = S(ρ,A) +
∑
x∈T
ψ¯L(x)DAψL(x) +
∑
x∈T
ψ¯R(x)DψR(x)
+
∑
x∈T
g (ψ¯L(x)ρ(x)ψR(x) + ψ¯R(x)ρ(x)ψL(x))
+
∑
x∈T
mf (ψ¯L(x)ψR(x) + ψ¯R(x)ψL(x))
where
(1.23)
S(ρ,A) = 1
2
∑
p∈T∗∗
(dA+ v)2(p) +
1
2
m2A
∑
b∈T∗
A2b +
1
2
∑
x∈T
4∑
µ=1
(ρ(x+ eµ)− ρ(x))2 + 1
2
µ2
∑
x∈T
ρ2(x)
+ ρ20
∑
x∈T
4∑
µ=1
(1− cos e0Aµ(x)− 1
2
e20Aµ(x)
2) + ρ0
∑
x∈T
4∑
µ=1
(ρ(x+ eµ) + ρ(x))(1 − cos e0Aµ(x))
+
∑
x∈T
4∑
µ=1
ρ(x+ eµ)ρ(x)(1 − cose0Aµ(x)) +
∑
x∈T
(
λρ4(x) +
√
2λµρ3(x)− log
[
1 +
ρ(x)
ρ0
])
.
The gauge field and fermion fields are now massive with (classical) masses
(1.24) mA =
µe0√
8λ
, mf =
µg√
8λ
.
There is also a mass term for the Higgs
mH = µ.
This is the classical Higgs mechanism.
1.3. Main result. After the above transformations (1.19), (1.22), rewrite the the gener-
ating functional (1.17) as
(1.25) Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
v:dv=0
∫ π
e0
− π
e0
DA
∫ ∞
−ρ
Dρ
∫
DψDψ¯ e−A(ψ,ψ¯,ρ,A)+e0〈ψ¯,J〉+e0〈J¯,ψ〉
Theorem 1 Given a U(1) Higgs-Yukawa model on a unit lattice (1.25) with masses
µ,mA,mf fixed and min(µ,mA) > 4
√
2, mf > 12. Let the coupling constants e0, g and λ
be sufficiently weak depending on the masses with g = O(e0) and e
2
0
λ ∼ O(1). Then there
exist positive constants c and m such that the correlation of fermions on two sites x and
y has an exponential decay as
〈ψ¯β(x)ψα(y)〉T 6 ce−m|x−y|.
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Remark 2. This decay implies that every particle in the theory has a physical mass at
least as big as m, i.e. mass generation has actually taken place. This is known as the
mass gap. Note that in a perturbative approach to the mass generation, a statement about
the physical mass can only be made up to a specific order of quantum correction in the
perturbation theory. Whereas proving a mass gap existence settles the question of mass
generation for this lattice model.
Remark 3. For mass generation of fermions establishing a mass gap in a Higgs-Yukawa
theory is not enough. Higgs field is a doublet with two degrees of freedom. To see Higgs
phenomenon Higgs must be coupled to a gauge field. The presence of the gauge field
(hence the U(1) symmetry) is needed to suppress the angular degree of freedom (Goldstone
mode).
Outline of proof. The structure of the proof is same as our proof of the Higgs mechanism
[4]. We begin by expanding the lattice into regions where all the fields are bounded and
regions where they are not. We call these regions as small field region and large field
region respectively. Note that the criterion for boundedness only applies to bosonic fields.
Then in the small field region we proceed to construct a localized integral having Gaussian
measure with unit covariance and potential terms. As emphasized in [4] this procedure
does not include any decoupling expansion for the Gaussian measure. Instead we make
some change of variables and bring the covariance to the potential term. This is done in
section 2.
The small field integral contains both bosonic and fermionic type of fields. Therefore, in
section 3 we first construct a power series representation for such type of general integrals.
Then we apply this series expansion to our specific model and get bounds on the small field
integral. In section 4 we study the large field region and get a representation of the gener-
ating functional as a sum of local pieces. Then in section 5, we combine various overlapping
regions of the lattice into connected components, rewrite the generating functional as sum
over these components and show convergence. Finally, in section 6 we show exponential
decay of the correlation functions.
2. The expansion
First rewrite the fermoinic quadratic terms in the action (1.22) as
(2.1)
ψ¯LDAψL + ψ¯RDψR +mf (ψ¯LψR + ψ¯RψL)
= ψ¯LDψL + ψ¯L(DA −D)ψL + ψ¯RDψR +mf (ψ¯LψR + ψ¯RψL)
= ψ¯βDψα +mf ψ¯βψα + ψ¯L(DA −D)ψL
= 〈ψ¯β , (D+mf )ψα〉+ V ′ǫ (ψ, ψ¯)
= 〈ψ¯β , S−1ψα〉+ V ′ǫ (ψ, ψ¯)
where V ′ǫ (ψ, ψ¯) = ψ¯L(DA − D)ψL will be treated like other terms in the potential and
S = (D+mf )
−1 = (γ·∇− 12∆+mf )−1 is the fermionic covariance operator. We represent all
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the bosonic fields on the lattice as Φ = (ρ,A). Define the bosonic covariance operator
(2.2) 〈Φ, CΦ〉 = 〈ρ, (−∆+ µ2)−1ρ〉+ 〈A, (δd +m2A)−1A〉
where
(2.3) 〈ρ,−∆ρ〉 =
∑
x∈T
4∑
µ=1
(ρ(x+ eµ)− ρ(x))2 and 〈A,−δd A〉 =
∑
p⊂T∗∗
(dA)2.
Denote D = S−1 and T = C−1. Rewrite the action A(ψ, ψ¯, ρ,A) as the sum of a Gaussian
part and higher order interaction part
(2.4)
A(ψ, ψ¯,Φ) = 1
2
〈Φ, C−1Φ〉+ 〈ψ¯β , S−1ψα〉+ V (ψ, ψ¯,Φ)
=
1
2
〈Φ,TΦ〉+ 〈ψ¯β ,Dψα〉+ V (ψ, ψ¯,Φ)
where the term V ′ǫ (ψ, ψ¯) in included in the potential V . The generating functional is given
by
(2.5)
Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
v:dv=0
∫
DΦ
∫
Dψ¯Dψe− 12 〈Φ,TΦ〉−〈ψ¯β ,Dψα〉−V (ψ,ψ¯,Φ) e−e0〈ψ¯,J〉−e0〈J¯,ψ〉.
Fermion fields ψ¯β, ψα are Grassmann elements whereas Φ is a scalar function that is un-
bounded. Therefore, to construct a localized small field integral we expand the generating
functional into regions where all fields are finite and the regions where Φ is unbounded.
We discuss this construction in four steps.
(1) Let pλ = |logλ|9 and rλ = |logλ|2. Divide the lattice T into blocks  of length [rλ],
where [·] denotes the integer part. Note that T = (Z/LZ)4, so we assume L≫ [rλ].
Define
(2.6) Φ(u) =
{
ρ(x) if u = x
Aµ(x) if u = (x, x+ eµ).
Define the characteristic function
(2.7) χ(Φ) =
{
1 supu∈ |Φ(u)| < pλ,
0 otherwise
ζ(Φ) = 1− χ(Φ).
Then the decomposition of unity is
(2.8) 1 =
∏

(χ + ζ) =
∑
Q⊂T
∏
∈T−Q
χ
∏
∈Q
ζ =
∑
Q⊂T
χT−QζQ.
Thus, a  ∈ Q if there is at least one u ∈  with |Φ(u)| > pλ. Set v(p) = 0 if
p ∈ Qc. Define
Λ0 = T−Q.
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Insert (decomposition of unity) 1 in the generating functional and rewrite
(2.9)
Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
Q⊂T
∑
v:dv=0
∫
DΦ
∫
Dψ¯Dψ
e−
1
2
〈Φ,TΦ〉−〈ψ¯β ,Dψα〉−V (ψ,ψ¯,Φ) e−e0〈ψ¯,J〉−e0〈J¯,ψ〉χΛ0(Φ)ζQ(Φ).
(2) Conditioning
Contract Λ0 by a layer of [rλ] cubes to get Λ1, such that, d(Q,Λ1) = [rλ]. Denote
Q˜ = T− Λ1.
Let 1Λ1 and 1Q˜ be characteristic functions restricting operator to Λ1 and Q˜ respec-
tively. Define DΛ1 = 1Λ1D1Λ1 , DΛ1Q˜ = 1Λ1D1Q˜, DQ˜ = 1Q˜D1Q˜, TΛ1 = 1Λ1T1Λ1 ,
TΛ1Q˜ = 1Λ1T1Q˜ and TQ˜ = 1Q˜T1Q˜. Then rewrite
(2.10)
〈ψ¯β ,Dψα〉 = 〈ψ¯β ,DΛ1ψα〉+ 〈ψ¯β,DΛ1Q˜ψα〉+ 〈ψ¯β ,DQ˜Λ1ψα〉+ 〈ψ¯β ,DQ˜ψα〉
1
2
〈Φ,TΦ〉 = 1
2
〈Φ,TΛ1Φ〉+ 〈Φ,TΛ1Q˜Φ〉+
1
2
〈Φ,TQ˜Φ〉.
Denote Vs = e0〈ψ¯, J〉+ e0〈J¯, ψ〉 and using (2.10) rewrite (2.9) as
(2.11)
Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
Q⊂T
∑
v:dv=0
∫
DΦQ˜
∫
Dψ¯Q˜DψQ˜
e−
1
2
〈Φ,TQ˜Φ〉−〈ψ¯β ,DQ˜ψα〉−V (Q˜,ψ,ψ¯,Φ)e−Vs(Q˜)ζQ(Φ)χΛ0−Λ1(Φ)∫
DΦΛ1
∫
Dψ¯Λ1DψΛ1 e−
1
2
〈ΦΛ1 ,TΦΛ1 〉−〈ΦΛ1 ,TΦQ˜〉−V (Λ1,ψ,ψ¯,Φ)e−Vs(Λ1)
e−〈ψ¯β,Λ1 ,Dψα,Λ1 〉−〈ψ¯β,Λ1 ,Dψα,Q˜〉−〈ψ¯β,Q˜,Dψα,Λ1〉χΛ1(Φ).
Define shift as
(2.12)
Ψα = SΛ1DΛ1Q˜ψ¯α,Q˜ Ψ¯β = SΛ1DΛ1Q˜ψ¯β,Q˜
ϕ = CΛ1TΛ1Q˜ΦQ˜.
Next let
ψα,Λ1 → ψα,Λ1 −Ψα ψ¯β,Λ1 → ψ¯β,Λ1 − Ψ¯β ΦΛ1 → ΦΛ1 − ϕ
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 10
and rewrite (2.11) as
(2.13)
Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
Q⊂T
∑
v:dv=0
∫
DΦQ˜
∫
Dψ¯Q˜DψQ˜ ζQ(Φ)χΛ0−Λ1(Φ)
e
− 1
2
〈Φ,(TQ˜−TQ˜Λ1CΛ1TΛ1Q˜)Φ〉
e
−〈ψ¯β ,(DQ˜−DQ˜Λ1SΛ1DΛ1Q˜)ψα〉e−V (Q˜,ψ,ψ¯,Φ)e−Vs(Q˜)∫
DΦΛ1
∫
Dψ¯Λ1DψΛ1 χΛ1(ΦΛ1 − ϕ) e−
1
2
〈Φ,TΛ1Φ〉−〈ψ¯β ,DΛ1ψα〉
e−V (Λ1,ψ−Ψ,ψ¯−Ψ¯,Φ−ϕ)e−Vs(Λ1).
This is known as conditioning the small field integral on Λ1 on values in the large
field region Q˜.
(3) The integral over ψα,Λ1 , ψ¯β,Λ1 is Gaussian with covariance SΛ1 while the integral
over ΦΛ1 is Gaussian with covariance CΛ1 . The covariance operators SΛ1 and
CΛ1 couple sites everywhere in Λ1. Therefore, we construct localized covariance
operators. Define the kernel of operator Sloc as
(2.14) Sloc(x, y) =
{
S(x, y) if |x− y| < rλ
0 otherwise
and the kernel of operator C loc as
(2.15) C loc(x, y) =
{
C(x, y) if |x− y| < rλ
0 otherwise.
Define δS(x, y) = (S − Sloc)(x, y) as
(2.16) δS(x, y) =
{
0 if |x− y| < rλ
S(x, y) otherwise
and δC
1
2 (x, y) = (C
1
2 − C 12 ,loc)(x, y) as
(2.17) δC
1
2 (x, y) =
{
0 if |x− y| < rλ
C
1
2 (x, y) otherwise.
The representation we use for C
1
2 and C
1
2
,loc is discussed in [10],
(2.18) C
1
2 =
1
π
∫ ∞
0
dr√
r
Cr, C
1
2
,loc =
1
π
∫ ∞
0
dr√
r
C locr , Cr = (T + r)
−1.
To work in unit covariance, first note that the operators SlocΛ1 and C
1
2
,loc
Λ1
are small
perturbation of SΛ1 and C
1
2
Λ1
respectively and hence invertible. Then make the
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change of variables ψα → SlocΛ1ψα
(2.19) 〈ψ¯β ,DΛ1ψα〉 = 〈ψ¯β,DΛ1SlocΛ1ψα〉 = 〈ψ¯, ψ〉Λ1 + Vǫ(Λ1, ψ¯β , ψα)
This is the definition of Vǫ(Λ1, ψ¯β, ψα). Make another change of variables
Φ = C
1
2
,loc
Λ1
Φ′,
(2.20) 〈Φ,TΛ1Φ〉 = 〈Φ′, C
1
2
,loc
Λ1
TΛ1C
1
2
,loc
Λ1
Φ′〉 = ||Φ′||2Λ1 + Vε(Λ1,Φ′).
This is the definition of Vε(Λ1,Φ
′).
(4) After the change of variables, the characteristic function, χΛ1(C
1
2
,loc
Λ1
Φ′−ϕ) becomes
non local as C
1
2
,loc
Λ1
Φ′(u) spreads Φ′(u) to a distance of rλ. Thus, we construct a
new small field region. Let p0,λ = |logλ|a (with 8 < a < 9). We split the region Λ1
into a region P and Λ1 − P by using decomposition of unity as before. Define
(2.21) χˆ(Φ
′) =
{
1 supu∈ |Φ′(u)| < p0,λ,
0 otherwise
ζˆ(Φ
′) = 1− χˆ(Φ′).
Then the decomposition of unity is
(2.22) 1 =
∏
∈Λ1
(χˆ + ζˆ) =
∑
P⊂Λ1
∏
∈Λ1−P
χˆ
∏
∈P
ζˆ =
∑
P⊂Λ1
χˆΛ1−PζˆP.
Define
Ω = Λ1 − P.
As covariance is unity in Ω, conditioning is not required along the boundary ∂Ω.
The potential is localized and analytic but the characteristic function χΛ1 is a mess.
To clean χΛ1 , as a first step, contract Ω by [rλ] to get Ω0 and split the potential
term V (Λ1) = V (Λ1, S
loc
Λ1
ψ −Ψ, ψ¯ − Ψ¯, C
1
2
,loc
Λ1
Φ′ − ϕ) as
(2.23) V (Λ1) = V (Ω0) + V (Λ1 −Ω0)
and factorize χΛ1 as
(2.24) χΛ1(C
1
2
,loc
Λ1
Φ′ − ϕ) = χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − ϕ) χΩ0(C
1
2
,loc
Λ1
Φ′ − ϕ).
For u ∈ Ω0,
|C
1
2
,loc
Λ1
Φ′(u)| 6 c ||Φ′||∞,Ω 6 c p0,λ <
pλ
2
(see lemma 2.2 to follow) and
|ϕ| 6 ce−γrλpλ < pλ
2
where we have used estimate of covariance (lemma 2.1) and |ΦQ˜| 6 pλ since this is
near Λ1. Thus,
(2.25) χΩ0(C
1
2
,loc
Λ1
Φ′ − ϕ) = 1.
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Note that χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′−ϕ) is non local which is why we cannot integrate over
the region Ω0. Thus, we shrink the region Ω0 by [rλ] to get a new small field
region Ω1, that is, d(Ω
c
0,Ω1) = [rλ]. As mentioned earlier, C
1
2
,loc
Λ1
Φ′(u) only spreads
Φ′(u) to a distance of rλ, therefore, χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − ϕ) and V (Λ1 − Ω0) do not
depend on Φ′Ω1 and thus can be taken out of the integral over Φ
′
Ω1
. The generating
functional is given by
(2.26)
Z[J, J¯] =
(2π
e0
)−|T|+1 ∑
Q⊂T
∑
P⊂Λ1
∑
v:dv=0
det C
1
2
,loc
Λ1
det SlocΛ1∫
DΦQ˜
∫
Dψ¯Q˜DψQ˜ ζQ(Φ)χΛ0−Λ1(Φ) e
− 1
2
〈Φ,(TQ˜−TQ˜Λ1CΛ1TΛ1Q˜)Φ〉
e
−〈ψ¯β ,(DQ˜−DQ˜Λ1SΛ1DΛ1Q˜)ψα〉e−V (Q˜,ψ,ψ¯,Φ)e−Vs(Q˜)∫
DΦ′Λ1−Ω1
∫
Dψ¯Λ1−Ω1DψΛ1−Ω1 ζˆΛ1−Ω(Φ′)χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − ϕ)
e
− 1
2
||Φ′||2Λ1−Ω1−〈ψ¯,ψ〉Λ1−Ω1 e−V (Λ1−Ω0,S
loc
Λ1
ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)∫
DΦ′Ω1
∫
Dψ¯Ω1DψΩ1 χˆΩ1(Φ′) e−
1
2
||Φ′||2Ω1−〈ψ¯,ψ〉Ω1
e
−V (Ω0,SlocΛ1ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)+Vǫ(Λ1,ψ¯β ,ψα,Φ′)e−Vs(Λ1).
The above equation is the required expansion of the generating functional.
We bring the term
det C
1
2 ,loc
Λ1
det SlocΛ1
outside of the summations in two steps:
(1) For some W1(Λ1) =
∑
⊂Λ1 W1() (see Lemma 2.6) and W
′
1(Λ1) =
∑
⊂Λ1 W
′
1()
(see Lemma 2.7)
(2.27) det C
1
2
,loc
Λ1
= (det C
1
2
Λ1
) eW1(Λ1), det SlocΛ1 = det SΛ1 e
W ′1(Λ1).
(2) For some W2(T) =
∑
⊂TW2() (see 2.57) and W
′
2(T) =
∑
⊂TW
′
2() (see 2.57)
(2.28) det C
1
2
Λ1
= (det C
1
2 ) eW2(T), det SΛ1 = det S e
W ′2(T)
and we write
W2 =W2(Q) +W2(Λ0 − Ω0) +W2(Ω0)
W ′2 =W
′
2(Q) +W
′
2(Λ0 − Ω0) +W ′2(Ω0).
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Define
(2.29)
V1(Ω0, ψ¯, ψ,Φ
′
Λ1 ,ΦQ˜, J¯, J) = −(W ′1(Λ1)−W1(Λ1))− (W ′2(Ω0)−W2(Ω0))
+ V (Ω0, S
loc
Λ1 ψ −Ψ, ψ¯ − Ψ¯, C
1
2
,loc
Λ1
Φ′ − ϕ)
− e0〈ψ¯, J〉 − e0〈J¯, SlocΛ1 ψ〉+ Vǫ(Λ1, ψ¯, ψ,Φ′)
Define the normalized Gaussian measures with unit covariance as
(2.30)
dµI(ψ¯Ω1 , ψΩ1) =
Dψ¯Ω1DψΩ1 e−〈ψ¯,ψ〉Ω1∫ Dψ¯Ω1DψΩ1 e−〈ψ¯,ψ〉Ω1
dµI(Φ
′
Ω1) =
DΦ′Ω1e
− 1
2
||Φ′||2Ω1∫ DΦ′Ω1e− 12 ||Φ′||2Ω1 .
Denote
(2.31) Z0(Ω1) =
∫
Dψ¯Ω1DψΩ1DΦ′Ω1 e
−〈ψ¯,ψ〉Ω1− 12 ||Φ′||2Ω1
Define the localized small field integral as
(2.32)
Ξ(Ω1, ψ¯, ψ,Φ
′
Λ1 ,ΦQ˜, J¯, J) =
∫
dµI(ψ¯Ω1 , ψΩ1)dµI(Φ
′
Ω1) χˆΩ1(Φ
′)e−V1(Ω0,ψ¯,ψ,Φ
′
Λ1
,ΦQ˜,J¯,J)
Rewrite the generating functional
(2.33)
Z[J, J¯] =
(2π
e0
)−|T|+1det C 12
det S
∑
Q⊂T
∑
P⊂Λ1
∑
v:dv=0∫
DΦQ˜
∫
Dψ¯Q˜DψQ˜ ζQ(Φ)χΛ0−Λ1(Φ) e
− 1
2
〈Φ,(TQ˜−TQ˜Λ1CΛ1TΛ1Q˜)Φ〉
e
−〈ψ¯β ,(DQ˜−DQ˜Λ1SΛ1DΛ1Q˜)ψα〉 e−V (Q˜,ψ,ψ¯,Φ)e−Vs(Q˜) eW2(Q)−W
′
2(Q)∫
DΦ′Λ1−Ω1
∫
Dψ¯Λ1−Ω1DψΛ1−Ω1 e−
1
2
||Φ′||2Λ1−Ω1−〈ψ¯,ψ〉Λ1−Ω1
ζˆP(Φ
′)χΛ1−Ω0(C
1
2
,loc
Λ1
Φ′ − ϕ)e−Vs(Λ1−Ω1)
e
−V (Λ1−Ω0,SlocΛ1ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)
eW2(Λ0−Ω0)−W
′
2(Λ0−Ω0)
Z0(Ω1) Ξ(Ω1, ψ¯, ψ,Φ
′
Λ1 ,ΦQ˜, J¯, J).
Now we quote and prove some lemmas.
Lemma 2.1 [4] Let C be the positive, self-adjoint operator as defined. Then for some
constant 0 < γ1 < min
(
µ2,m2A
)
, |C(x, y)| 6 ce−γ1|x−y|.
Lemma 2.2 [4] For Φ : T → R
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(1) Let C
1
2
,loc and δC
1
2 be the operators as defined. Then
(2.34) |(C 12 ,locΦ)(u)| 6 c ||Φ||∞, |(δC
1
2 Φ)(u)| 6 c e−γ′rλ||Φ||∞.
(2) C
1
2 and C
1
2
,loc are invertible and
(2.35) |(C− 12 Φ)(u)|, |(C− 12 ,locΦ)(u)| 6 c ||Φ||∞.
Before we prove the decay of fermionic covariance operator S = (γ · ∇− 12∆+mf )−1 note
that in momentum space the eigenvalues of operators ∂µ, ∂
T
µ ,∇µ,∆ are
(2.36)
∂µe
ip·x = eip·(x+eµ) − eip·(x) = (eipµ − 1)eip·x
∂Tµ e
ip·x = eip·(x−eµ) − eip·(x) = (e−ipµ − 1)eip·x
∇µeip·x = 1
2
(∂µ − ∂Tµ )eip·x = (i sinpµ)eip·x
∆eip·x = −∂Tµ ∂µeip·x = −2
∑
µ
(1− cospµ)eip·x.
Lemma 2.3 For periodic boundary conditions there exists a positive constant γ2 < O(1)mf
such that |S(x, y)| 6 ce−γ2|x−y|.
Proof We consider the infinite lattice Z4 since toroidal case can be obtained by periodizing.
In momentum space representation
(2.37) S(x, y) =
1
(2π)4
∫
|pµ|<π
eip·(x−y)
M(p)− iγ · s(p)
M(p)2 + |s(p)|2 d
4p
where
(2.38) M(p) = mf +
∑
µ
(1− cospµ) sµ(p) = sinpµ
Let
(2.39) G(x, y) =
1
(2π)4
∫
|pµ|<π
eip·(x−y)
1
M(p)2 + |s(p)|2 d
4p.
Then since ∇µeipx = isµ(p)eipx we can also write
(2.40) S(x, y) = (−γ · ∇ − 1
2
∆ +mf )G(x, y).
Thus, getting estimates on G(x, y) is enough. We prove the decay for only µ = 1 direction,
since by symmetry it holds for µ = 2, 3, 4 as well. Make a shift p1 → p1 + iδ such that
δ > 0 if x−y > 0 and δ < 0 if x−y < 0. Define a contour Γ as a finite strip in the complex
plane of p1 as Γ = {|Imp1| < δ,Rep1, · · · , p4 ∈ (−π, π]4}. Then
(2.41) G(x, y) =
1
2π
∫
Γ
eip1(x−y)
1
M(p1 + iδ)2 + |s(p1 + iδ)|2 e
−δ(x−y) dp1.
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Next we find δ such that the above integrand is bounded and analytical in Γ.
(2.42)
s(p1) = sinp1, M(p1) = mf + 1− cosp1
s(p1 + iδ) = sin(p1 + iδ), M(p1 + iδ) = mf + 1− cos (p1 + iδ)
Note that for p1 ∈ (−π, π],
(2.43)
sin (p1 + iδ) = sinp1 +O(δ), sin2 (p1 + iδ) − sin2 p1 = O(δ)
(1− cos (p1 + iδ))2 − (1− cosp1)2 = O(δ).
Thus,
(2.44)
M(p1 + iδ)
2 + |s(p1 + iδ)|2 = (1− cosp1 +mf )2 + sin2 p1 +O(δ)
|M(p1 + iδ)2 + |s(p1 + iδ)|2| > |sin2 p1 + (1− cosp1 +mf )2| − O(δ)
> mf −O(δ)
|M(p1 + iδ)2 + |s(p1 + iδ)|2|−1 6 1
mf −O(δ) .
Thus, δ < O(1)mf .
(2.45) |G(x, y)| 6 1
2π
e−δ(x−y)
∣∣∣∣
∫
Γ
eip1(x−y)
1
M(p1 + iδ)2 + |s(p1 + iδ)|2 dp1
∣∣∣∣ .
Set |δ| = γ2. Therefore, for some constant 0 < γ2 < O(1)mf , |S(x, y)| 6 ce−γ2|x−y|. This
completes the proof of Lemma 2.3.
Recall that T = (Z/LZ)4 and L≫ [rλ]. Thus,
G[−L
2
,L
2
](x) = G(x) +
∑
n∈Z,n 6=0
G(x+ nL).
Note that for n 6= 0, |x+ nL| > L2 > |x|, therefore,
|G[−L
2
,L
2
](x)| 6 |G(x)| +
∑
n∈Z,n 6=0
|G(x + nL)|
6 O(e−γ2|x|) +
∑
n∈Z,n 6=0
O(e−γ2|x+nL|)
6 O(e−γ2|x|) +O(e− γ22 |x|)
∑
n∈Z,n 6=0
O(e− γ22 |x+nL|)
6 O(e− γ22 |x|).
Lemma 2.4 [4] For Φ : T → R, with change of variables, Φ = C
1
2
,loc
Λ1
Φ′, we have
(2.46) 〈Φ, C−1Λ1 Φ〉 = 〈Φ′, C
1
2
,loc
Λ1
C−1Λ1 C
1
2
,loc
Λ1
Φ′〉 = ||Φ′||2Λ1 + Vε(Λ1,Φ′).
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Then Vε(Λ1,Φ
′) has a local expansion in 
(2.47) Vε =
∑
⊂Λ1
Vε() with |Vε()| 6 c [rλ]4 e−γ′rλ ||Φ′||2∞.
Lemma 2.5 Under a transformation ψ → Slocψ
(2.48) 〈ψ¯,Dψ〉 = 〈ψ¯, ψ〉 − 〈ψ¯,DδSψ〉 = 〈ψ¯, ψ〉 + Vǫ(ψ¯, ψ).
Then Vǫ(ψ¯, ψ) has a local expansion in 
(2.49) Vǫ(ψ¯, ψ) =
∑

Vǫ(ψ¯, ψ,) with ||Vǫ(ψ¯, ψ,)||h 6 c [rλ]4 e−
γ2
2
rλh2.
Proof Using the identity 1 =
∑
 1, where,
(2.50) Vε(ψ¯, ψ,) = 〈ψ¯, 1DδSψ〉 =
∑
y:x∈
(DδS)(x, y)ψ(x)ψ¯(y).
Then
(2.51) ||Vǫ(ψ¯, ψ,)||h = [rλ]4
∑
y
|(DδS)(x, y)|h2
Note that ||D|| ∼ O(mf ) which is bounded by some constant c and δS is non zero only
when |x− y| > rλ,
(2.52)
||Vǫ(ψ¯, ψ,)||h 6 c [rλ]4
∑
y
e−γ2|x−y|h2
6 c [rλ]
4 e−
γ2
2
rλh2
∑
y
e−
γ2
2
|x−y|
6 c [rλ]
4 e−
γ2
2
rλh2.
Lemma 2.6 [4] Let W1(Λ1) = −
∑∞
n=1
1
nTr
[
(C
− 1
2
Λ1
δC
1
2
Λ1
)n
]
. ThenW1 has a local expansion
in ,
(2.53) W1 =
∑
⊂Λ1
W1(), with |W1()| 6 c [rλ]4e−γ′rλ
Lemma 2.7 Let W ′1(Λ1) = −
∑∞
n=1
1
nTr
[
(DΛ1δSΛ1)
n
]
. Then W ′1 has a local expansion in
,
(2.54) W
′
1 =
∑
⊂Λ1
W ′1(), with |W ′1()| 6 c [rλ]4e−γ2rλ
Proof From the definition of W ′1,
(2.55) W
′
1() = −
∞∑
n=1
1
n
Tr
[
1(DΛ1δSΛ1)
n
]
= −
∞∑
n=1
1
n
∑
x∈
[
(DΛ1δSΛ1)
nδx
]
(x).
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Note that ||D|| ∼ O(mf ) and |δS(x, y)| < ce−γ2|x−y| with |x− y| > rλ,
(2.56)
∣∣[(DΛ1δSΛ1)nδx](x)∣∣ 6 (ce−γ2rλ)n||δx|| 6 (ce−γ2rλ)n
and so |W ′1()| 6
∑∞
n=1
1
n
∑
x(ce
−γ2rλ)n = [rλ]4
∑∞
n=1
1
n
(ce−γ2rλ)n and summing over n
gives the result.
Define
(2.57)
W2 = Tr log (C
1
2
Λ1
)− Tr log (C 12 ) = −1
2
Tr log (TΛ1) +
1
2
Tr log (T)
W ′2 = Tr log (SΛ1)− Tr log (S) = −Tr log (DΛ1) + Tr log (D).
Lemma 2.8 Determinant identity.
(1) [11] Let K be a positive self-adjoint matrix. Then det K = eTr log K where for any
R0 > 0
(2.58) log K = K
∫ ∞
R0
dx
x
(K + x)−1 −
∫ R0
0
dx(K + x)−1 + log R0.
(2) [13] Let M be an invertible self-adjoint matrix. Then detM = eTr log M where for
any R0 > 0
(2.59) logM =M
∫ ∞
R0
dy
y
(M + iy)−1 − i
∫ R0
0
dy(M + iy)−1 + log R0 + i
π
2
.
Lemma 2.9 [4] Let
(2.60)
A() = Tr(1A1) = Tr(1(TΛ1 + r)−1 − (T + r)−11)
B() = Tr(1B 1) = Tr(1T(T + r)−1 − TΛ1(TΛ1 + r)−11).
Let m = min(µ2,m2A). For  ⊂ Ω1 and 1m < 132
(2.61) |A()| 6 O(m−2[rλ]) and |B()| 6 O(m−2[rλ]).
Lemma 2.10 Let
(2.62)
A′() = Tr(1A′ 1) = Tr(1(DΛ1 + r)−1 − (D + r)−11)
B′() = Tr(1B′ 1) = Tr(1D(D + r)−1 −DΛ1(DΛ1 + r)−11).
For  ⊂ Ω1 and 1mf <
1
12
(2.63) |A′()| 6 O(m−2[rλ]f ) and |B′()| 6 O(m−2[rλ]f ).
Proof is similar to Lemma 2.9 using ||D|| 6 12 which follows from (1.9).
Lemma 2.11 [4] W2 has a local expansion in ,
(2.64) W2 =
∑
⊂T
W2(), with |W2()| 6
{
O(m−2[rλ]) if  ⊂ Ω1,
O([rλ]4) if  ⊂ Ωc1.
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Lemma 2.12 W ′2 has a local expansion in ,
(2.65) W ′2 =
∑
⊂T
W2(), with |W ′2()| 6
{
O(m−2[rλ]f ) if  ⊂ Ω1,
O([rλ]4) if  ⊂ Ωc1.
Proof is similar to Lemma 2.11.
3. Power series representation
Let X ⊂ T and x, y ∈ X. Every site has real valued bosonic fields ρ(x) and Aµ(x, x+ eµ)
(an oriented bond (x, x + eµ)) that are scalar functions. Let J(y) and J(y, y + eµ) be
the scalar external bosonic source fields defined on y. Every site also has fermionic fields
ψα(x), ψ¯α(x) and external fermionic source fields ηα(y), η¯α(y) where α is spinor index. Let
V be a vector space over C with basis ψα(x) and ψ¯α(x) and let V
′ be a vector space over C
with basis ηα(y) and η¯α(y). ψα(x), ψ¯α(x) and ηα(y), η¯α(y) are taken to be anticommuting
Grassmann variables. Let ξ stands for (x, α, ω) and z stands for (y, α, ω) with ω = (0, 1).
Define
(3.1) Φ(u) =
{
ρ(x) if u = x
Aµ(x) if u = (x, x+ eµ)
(3.2) Θ(s) =
{
J(y) if s = y
Jµ(y) if s = (y, y + eµ)
(3.3) ψ(ξ) =
{
ψα(x) if ξ = (x, α, 0)
ψ¯α(x) if ξ = (x, α, 1)
(3.4) η(z) =
{
ηα(y) if z = (y, α, 0)
η¯α(y) if z = (y, α, 1)
Then Grassmann algebra is generated by
(3.5) {ψ, η} = 0, {ψ,ψ} = 0, {η, η} = 0
where {, } denotes the anticommutator.
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Power series. A power series of bosonic and fermionic fields is written as
(3.6)
f(Φ,Θ, ψ, η) =
∑
n,m>0
∑
ξ1,··· ,ξn∈X
z1,··· ,zm∈X
a(Φ,Θ, ξ1, · · · , ξn, z1, · · · , zm)ψ(ξ1) · · ·ψ(ξn)η(z1) · · · η(zm)
=
∑
k,l,n,m>0
∑
u1,··· ,uk∈X
s1,··· ,sl∈X
ξ1,··· ,ξn∈X
z1,··· ,zm∈X
a(u1, · · · , uk, s1, · · · , sl, ξ1, · · · , ξn, z1, · · · , zm)
Φ(u1) · · ·Φ(uk)Θ(s1) · · ·Θ(sl)ψ(ξ1) · · ·ψ(ξn)η(z1) · · · η(zm)
where the coefficients a(u1, · · · , uk, s1, · · · , sl, ξ1, · · · , ξn, z1, · · · , zm) ∈ C. The coefficients
are not assumed to be symmetric or antisymmetric.
Notation. Define a n-component vector ~u as
(3.7) ~u = {u1, u2, · · · , un}.
Define concatenation of two vectors ~u and ~z as
(3.8)
~u ◦ ~z = {u1, · · · , un, z1, · · · , zm}
(~u1, · · · , ~us) ◦ (~z1, · · · , ~zs) = (~u1 ◦ ~z1, · · · , ~us ◦ ~zs).
Then for a n-component vector ~u, write
(3.9) Φ(~u) = Φ(u1) · · ·Φ(un).
Rewrite the power series representation as
(3.10)
f(Φ,Θ, ψ, η) =
∑
n,m>0
∑
~ξ,~z⊂X
a(Φ,Θ, ~ξ, ~z)ψ(~ξ)η(~z)
=
∑
k,l,n,m>0
∑
~u,~s,~ξ,~z⊂X
a(~u,~s, ~ξ, ~z)Φ(~u)Θ(~s)ψ(~ξ)η(~z)
Here, we assume that the total number fermion fields is even, that is, n+m = even. Note
that any change in the order of fermionic fields ψ, η is accompanied by a negative sign.
Let
(3.11) aΘη(~u,
~ξ) =
∑
~s,~z⊂X
a(~u,~s, ~ξ, ~z)Θ(~s)η(~z)
and rewrite (3.10) as
(3.12) f(Φ,Θ, ψ, η) =
∑
~u,~ξ⊂X
aΘη(~u, ~ξ)Φ(~u)ψ(~ξ).
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The power series representation of a functional; ef(Φ,Θ,ψ,η) is written as
(3.13)
ef(Φ,Θ,ψ,η) =
∞∑
l=0
1
l!
f(Φ,Θ, ψ, η)l
= 1 +
∞∑
l=1
1
l!
∑
~u1,··· ,~ul⊂X
~ξ1,··· ,~ξl⊂X
(−1)#aΘη(~u1, ~ξ1) · · · aΘη(~ul, ~ξl)Φ(~u1) · · ·Φ(~ul)ψ(~ξ1) · · ·ψ(~ξl)
where # denotes the total number of interchanges of fermionic fields ψ, η. The normalized
Gaussian measures with unit covariance are
(3.14)
dµI(ψ¯, ψ) =
Dψ¯Dψe−〈ψ¯,ψ〉∫ Dψ¯Dψe−〈ψ¯,ψ〉
dµI(Φ) =
DΦe− 12 ||Φ||2∫ DΦe− 12 ||Φ||2 .
Let χˆ(Φ) be some characteristic function which is zero if Φ is unbounded. Denote
(3.15)
Ξ(Θ, η) =
∫
dµI(ψ)dµI(Φ)χˆ(Φ)e
f(Φ,Θ,ψ,η)
Ξ(0, 0) =
∫
dµI(ψ)dµI(Φ)χˆ(Φ)e
f(Φ,0,ψ,0)
We would like to show that a power series expansion of log Ξ(Θ,η)Ξ(0,0) exists and is given
by
(3.16)
log
Ξ(Θ, η)
Ξ(0, 0)
= b(s1)Θ(s1) + η(z1) b(z1, z2)η(z2) + η(z1) b(s1, z1, z2)η(z2)Θ(s1)
+ · · ·+ η(z1) b(s1, · · · , sl, z1, z2)η(z2)Θ(s1) · · ·Θ(sl)+
b(s1, s2, s3)Θ(s1)Θ(s2)Θ(s3) + η(z1)η(z2) b(z1, z2, z3, z4)η(z3)η(z4) + · · ·
=
∑
l+m>1
η(z1) · · · η(zm) b(s1, · · · , sl, z1, · · · , z2m)η(zm+1) · · · η(z2m)Θ(s1) · · ·Θ(sl)
=
∑
l+m>1
η(~zm) b(~s, ~z)η(~z2m)Θ(~s)
where the coefficient system b(s1, · · · , sl, z1, · · · , z2m) is also not assumed to be symmetric
or antisymmetric.
Weight system. For a n-component vector ~x a weight system w(~x) is a function which as-
signs a positive number w(x1, · · · , xn) to ~x and satisfies the following two properties:
(1) w(x1, · · · , xn) is invariant under the permutations of the components of ~x and
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(2) for any two vectors ~x and ~z with supp(~x) ∩ supp(~z) 6= ⊘
w(~x, ~z) = w(~x ◦ ~z) 6 w(~x)w(~z).
Norm. Let wp1,h1,p2,h2(~u,~s,
~ξ, ~z) = eκt(supp(~u,~s,
~ξ,~z))pk1h
l
1p
n
2h
m
2 be the weight system with
mass κ giving weight at least p1 to Φ, h1 to Θ, p2 to ψ and h2 to η. Let the coefficients
a be the symmetric and antisymmetric realization of the coefficient system a(~u,~s, ~ξ, ~z) in
bosonic and fermionic variables respectively. Define
(3.17)
|a|wp1,h1,p2,h2 =
∑
k,l,n,m>0
max
x∈X
max
16i6k
16j6l
16i′6n
16j′6m
∑
u1,··· ,uk,s1,··· ,sl∈X
ξ1,··· ,ξn,z1,··· ,zm∈X
ri orsj or ξi′ or zj′=x
eκt(supp(~u,~s,
~ξ,~z))
pk1h
l
1p
n
2h
m
2 |a(u1, · · · , uk, s1, · · · , sl, ξ1, · · · , ξn, z1, · · · , zm)|.
Then the norm is defined as ||f ||wp1,h1,p2,h2 = |a|wp1,h1,p2,h2 . Here, maxx∈X breaks translation
invariance.
The norm for log Ξ(Θ,η)Ξ(0,0) is defined in the same manner. Let wh1,h2(~s, ~z) = e
κt(supp(~s,~z))h
n(~s)
1 h
n(~z)
2
be the weight system of mass κ (where n(~s) and n(~z) denote the # of sites in ~s and ~z re-
spectively) giving weight h1 to the field Θ and h2 to the field η. Define
(3.18)
|b|wh1,h2 =
∑
l+m>1
max
x∈X
max
16i6l
16j62m
∑
s1,··· ,sl,z1,··· ,z2m∈X
si or zj=x
wh1,h2(~s, ~z) |b(s1, · · · , sl, z1, · · · , z2m)|
where coefficients b is the symmetric and antisymmetric realization of the coefficient system
b(~s, ~z) in ~s and ~z respectively. Then the norm is
||log Ξ(Θ, η)
Ξ(0, 0)
||wh1,h2 = |b|wh1,h2 .
Theorem 3.1 Let f(Φ,Θ, ψ, η) has a power series representation with coefficient system
a(~u,~s, ~ξ, ~z) and ||f ||w4p1,h1,4p2,h2 < 116 . Then there exists a coefficient system b(~s, ~z) having
the form (3.16) such that log Ξ(Θ,η)Ξ(0,0) =
∑
~s,~z b(~s, ~z)Θ(~s)η(~z) and
(3.19) |b|wh1,h2 6
||f ||w4p1,h1,4p2,h2
1− 16||f ||w4p1,h1,4p2,h2
.
3.1. Proof. The proof of the theorem builds upon the proof of the similar theorems for
purely bosonic functional integrals due to Balaban, Feldman, Kno¨rrer and Trubowitz [6]
and purely fermionic functional integrals in our previous work [8]. The proof consists of
two parts; (i) we show the existence of a desired coefficient system b(~s, ~z) and (ii) then we
prove the bound as written in the theorem.
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3.1.1. Definition. Let X ⊂ T and let ~x1, · · · , ~xl be a collection of vectors in X. Denote
Xi = supp(~xi) for i = 1 to l. Consider the set {X1, · · · ,Xl}. Define incidence graph
G(X1, · · · ,Xl) to be a graph with vertices {1, · · · , l} and edges (i, j) whenever Xi∩Xj 6= ⊘.
The set {~x1, · · · , ~xl} is called connected if the incidence graph G(X1, · · · ,Xl) is connected.
For any set Z ⊂ X define a connected cover C(Z) to be the set of all ordered connected
l-tuples {~x1, · · · , ~xl} for which Z = X1 ∪ · · · ∪Xl.
Proposition 3.1 Let a(~u,~s, ~ξ, ~z) be a coefficient system representing a power series of
f(Φ,Θ, ψ, η). Let Z = supp(~u1, · · · , ~uj , ~ξ1, · · · , ~ξj). Let C(Z) denote a connected cover of
Z. Then there exists a function K0(Z,Θ, η) given by
(3.20)
K0(Z,Θ, η) = (±1)
∞∑
k=1
1
k!
∑
(~u1,~ξ1;··· ;~uk,~ξk)∈C(Z)
aΘη(~u1, ~ξ1) · · · aΘη(~uk, ~ξk)
∫
dµI(Φ)χˆ(Φ)Φ(~u1) · · ·Φ(~uk)
such that
(3.21)
∫
dµI(ψ)dµI(Φ)χˆ(Φ)e
f(Φ,Θ,ψ,η) = 1 +
∞∑
n=1
1
n!
∑
Z1,··· ,Zn⊂X
Zi∩Zj=⊘
(−1)#
n∏
j=1
K0(Zj ,Θ, η).
Proof Let a(−, ~s,−, ~z) denote the k = n = 0 terms in (3.10). Consider
Ξ(Θ, η)
Ξ(0, 0)
=
∫
dµI(ψ)dµI(Φ)χˆ(Φ)e
f(Φ,Θ,ψ,η)∫
dµI(ψ)dµI(Φ)χˆ(Φ)ef(Φ,0,ψ,0)
.
We factor out ef(0,Θ,0,η) from the integral in the numerator and ef(0,0,0,0) from the integral
in the denominator and assume that f(0,Θ, 0, η) = 0 such that a(−, ~s,−, ~z) = 0 for all
~s, ~z ∈ X. We would like to arrange the power series of functional ef(Φ,Θ,ψ,η)
ef(Φ,Θ,ψ,η) =
∞∑
l=0
1
l!
f(Φ,Θ, ψ, η)l
= 1 +
∞∑
l=1
1
l!
∑
~u1,··· ,~ul∈X
~ξ1,··· ,~ξl∈X
(−1)#aΘη(~u1, ~ξ1) · · · aΘη(~ul, ~ξl)Φ(~u1) · · ·Φ(~ul)ψ(~ξ1) · · ·ψ(~ξl)
such that the supp(~ui, ~ξi) should overlap with the supp(~uj , ~ξj) for i 6= j. This is required
so that the decay properties of the coefficient system a(~u,~s, ~ξ, ~z) also manifest themselves
in the resulting coefficient system b(~s, ~z). Recall that ξ = (x, α, a, ω). Here, overlap refers
to the overlap of sites and the bonds only. We identify the sites of ~ui, ~ξi as ~xi for i = 1 to l.
Let Xi = supp(~ui, ~ξi) and Z = X1 ∪ · · · ∪Xl.
Next decompose Z into pairwise disjoint subsets {Z1, · · · , Zn} by dividing {1, · · · , l} into
pairwise disjoint subsets I1, · · · , In such that for each 1 6 j 6 n, (~ui, ~ξi), i ∈ Ij is C(Zj).
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Therefore, the power series is [6]
(3.22)
ef(Φ,Θ,ψ,η) = 1 +
∞∑
l=1
1
l!
l∑
n=1
1
n!
∑
Z1,··· ,Zn⊂X
Zi∩Zj=⊘
∑
I1∪···∪In=1,··· ,l
I1,··· ,Inpairwise disjoint
∑
(~u1,~ξ1);··· ;(~ul,~ξl)∈X
(~ui,~ξi,i∈Ij)∈C(Zj)
(−1)#aΘη(~u1, ~ξ1) · · · aΘη(~ul, ~ξl)Φ(~u1) · · ·Φ(~ul)ψ(~ξ1) · · ·ψ(~ξl).
Following the combinatorics in [6]
(3.23)
ef(Φ,Θ,ψ,η) = 1 +
∞∑
n=1
1
n!
∑
Z1,··· ,Zn⊂X
Zi∩Zj=⊘
∑
k1,··· ,kn>1
(−1)#
n∏
j=1
1
kj !
∑
(~u1,j ,~ξ1,j);··· ;(~ukj ,j ,~ξkj,j)∈C(Zj)
aΘη(~u1,j , ~ξ1,j) · · · aΘη(~ukj ,j, ~ξkj ,j)Φ(~u1,l) · · ·Φ(~ukl,l)ψ(~ξ1,l) · · ·ψ(~ξkl,l).
As Zi ∩ Zj = ⊘, the measure factorizes
(3.24)
∫
dµI(ψ)dµI(Φ)χˆ(Φ)
n∏
j=1
Φ(~u1,j) · · ·Φ(~ukj ,j)ψ(~ξ1,j) · · ·ψ(~ξkj ,j)
=
n∏
l=1
∫
dµI(ψ)dµI(Φ)χˆ(Φ)Φ(~u1,j) · · ·Φ(~ukj ,j)ψ(~ξ1,j) · · ·ψ(~ξkj ,j).
For every ~ξi,j (assuming there are n sites in ~ξi,j)
(3.25)
∫
dµI(ψ) ψ¯β1,b1(x1) · · · ψ¯βn,bn(xn)ψα1,a1(y1) · · ·ψαm,am(ym) ={
±1 if n = m and {(βi, xi)} = {(αi, yi)}
0 otherwise.
Therefore, for every Z ∈ {Z1, · · · , Zn}, we identify K0(Z,Θ, η) such that
(3.26)
∫
dµI(ψ)dµI(Φ)χˆ(Φ)e
f(Φ,Θ,ψ,η) = 1 +
∞∑
n=1
1
n!
∑
Z1,··· ,Zn⊂X
Zi∩Zj=⊘
(−1)#
n∏
j=1
K0(Zj ,Θ, η).
This completes the proof of the proposition 3.1.
Next we take care of the pairwise disjoint condition of {Zj}, by following the standard
procedure, [6], and using the standard argument [14],
(3.27)
log Ξ(Θ, η) = log
∫
dµI(ψ)dµI(Φ)χˆ(Φ)e
f(Φ,Θ,ψ,η)
=
∞∑
n=1
1
n!
∑
Z1,··· ,Zn⊂X
ρT (Z1, · · · , Zn) (−1)#
n∏
j=1
K0(Zj ,Θ, η)
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where ρT (Z1, · · · , Zn) = 0 if {Zj} has any disjoint pair.
The standard argument for taking the logarithms which is often used for scalar func-
tions works in our case as well which contains Grassmann variables along with scalar
functions. As we have assumed that the total number of fermionic fields in the se-
ries expansion of f(Φ,Θ, ψ, η) (3.10) is even. This property is preserved by each term
aΘη(~u1,j , ~ξ1,j) · · · aΘη(~ukj ,j, ~ξkj ,j)Φ(~u1,l) · · ·Φ(~ukl,l)ψ(~ξ1,l) · · ·ψ(~ξkl,l) in (3.23). Then (3.25)
integrates out even number of ψ fields leaving behind an even number of η fields. Thus,
every K0(Zj ,Θ, η) is even in fermionic fields and therefore, commutes with every other
K0.
Proposition 3.2 Let a(~u,~s, ~ξ, ~z) be a coefficient system and K0(Z,Θ, η) be the func-
tion as defined. Then there exists a coefficient system b(~s, ~z) such that log Ξ(Θ, η) =∑
~s,~z b(~s, ~z)Θ(~s)η(~z).
Proof Using aΘη(~u, ~ξ) =
∑
~s,~z∈X a(~u,~s, ~ξ, ~z)Θ(~s)η(~z) rewrite K0(Z,Θ, η) as
(3.28)
K0(Z,Θ, η) = (±1)
∞∑
k=1
1
k!
∑
(~u1,··· ,~uk,~ξ1,··· ,~ξk)∈C(supp ~u,~ξ)
~u1◦···◦~uk=~u
~ξ1◦···◦~ξk=~ξ
∑
(~s1,··· ,~sk,~z1,··· ,~zk)
~s1◦···◦~sk=~s
~z1◦···◦~zk=~z
a(~u1, ~s1, ~ξ1, ~z1) · · · a(~uk, ~sk, ~ξk, ~zk) Θ(~s)η(~z)
∫
dµI(Φ)χˆ(Φ)Φ(~u1) · · ·Φ(~uk)
=
∑
~u,~s,~ξ,~z∈X
supp~u,~ξ=Z
(±1)
∞∑
k=1
1
k!
∑
(~u1,··· ,~uk,~ξ1,··· ,~ξk)∈C(supp ~u,~ξ)
~u1◦···◦~uk=~u
~ξ1◦···◦~ξk=~ξ
∑
(~s1,··· ,~sk,~z1,··· ,~zk)
~s1◦···◦~sk=~s
~z1◦···◦~zk=~z
a(~u1, ~s1, ~ξ1, ~z1) · · · a(~uk, ~sk, ~ξk, ~zk) Θ(~s)η(~z)
∫
dµI(Φ)χˆ(Φ)Φ(~u1) · · ·Φ(~uk)
=
∑
~u,~s,~ξ,~z∈X
supp~u,~ξ=Z
a˜(~u,~s, ~ξ, ~z)Θ(~s)η(~z)
where in the second line we have grouped vectors together as concatenation and then in
the third line we sum over concatenations. Note that
|
∫
dµI(Φ)χˆ(Φ)Φ(~u1) · · ·Φ(~uk)| 6 p
∑k
i=1 n(~ui)
1 .
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 25
where n(~ui) denotes # sites in ~ui. Following (3.27) and (3.28) define
(3.29)
b(~s, ~z) =
∞∑
n=1
1
n!
∑
(~s1,··· ,~sn,~z1,··· ,~zn)
~s1◦···◦~sn=~s
~z1◦···◦~zn=~z
∑
~u1,··· ,~un,~ξ1,··· ,~ξn∈X
(−1)#
ρT (supp~u1, ~ξ1; · · · ; supp~un, ~ξn)
n∏
l=1
a˜(~ul, ~sl, ~ξl, ~zl)
and rewrite (3.27) as
log Ξ(Θ, η) =
∑
~s,~z∈X
b(~s, ~z)Θ(~s)η(~z).
3.1.2. Bound on norms. First rewrite coefficient systems as follows [6],
(3.30) b(~s, ~z) =
∞∑
n=1
1
n!
∑
T,labelled tree with
vertices1,··· ,n
∑
~u,~ξ∈X
a˜T (~u,~s, ~ξ, ~z)
where
(3.31)
a˜T (~u,~s, ~ξ, ~z) =
∑
~u1,··· ,~un,~ξ1,··· ,~ξn∈X
~u1◦···◦~un=~u
~ξ1◦···◦~ξn=~ξ
T⊂G(~u1,··· ,~un,~ξ1,··· ,~ξn)
∑
(~s1,··· ,~sn,~z1,··· ,~zn)
~s1◦···◦~sn=~s
~z1◦···◦~zn=~z
a˜(~u1, ~s1, ~ξ1, ~z1) · · · a˜(~un, ~sn, ~ξn, ~zn)
and
(3.32)
a˜(~u,~s, ~ξ, ~z) = (±1)
∞∑
k=1
1
k!
∑
T,labelled tree with
vertices1,··· ,k
aT (~u,~s, ~ξ, ~z)
∫
dµI(Φ)χˆ(Φ)Φ(~u1) · · ·Φ(~uk)
where
(3.33) aT (~u,~s, ~ξ, ~z) =
∑
~u1,··· ,~uk,~ξ1,··· ,~ξk∈X
~u1◦···◦~uk=~u
~ξ1◦···◦~ξk=~ξ
T⊂G(~u1,··· ,~uk,~ξ1,··· ,~ξk)
∑
(~s1,··· ,~sk,~z1,··· ,~zk)
~s1◦···◦~sk=~s
~z1◦···◦~zk=~z
a(~u1, ~s1, ~ξ1, ~z1) · · · a(~uk, ~sk, ~ξk, ~zk)
and then use the following two lemmas.
Lemma 3.1[6] Let wp1,h1,p2,h2(~u,~s,
~ξ, ~z) = eκt(supp(~u,~s,
~ξ,~z))pk1h
l
1p
n
2h
m
2 be the weight system
with mass κ giving weight at least p1 to Φ, h1 to Θ, p2 to ψ and h2 to η. Let T be a
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 26
labelled tree with vertices 1, · · · , n and coordination numbers d1, · · · , dn. Let a′(~u,~s, ~ξ, ~z)
be a coefficient system. Define a new coefficient system a′T by
(3.34)
a′T (~u,~s, ~ξ, ~z) =
∑
~u1,··· ,~un,~ξ1,··· ,~ξn∈X
~u1◦···◦~un=~u
~ξ1◦···◦~ξn=~ξ
T⊂G(~u1,··· ,~un,~ξ1,··· ,~ξn)
∑
(~s1,··· ,~sn,~z1,··· ,~zn)
~s1◦···◦~sn=~s
~z1◦···◦~zn=~z
a′(~u1, ~s1, ~ξ1, ~z1) · · · a′(~u1, ~s1, ~ξn, ~zn)
Then
(3.35) |a′T |wp1,h1,p2,h2 6 d1! · · · dn! |a
′|nw2p1,h1,2p2,h2 .
Next assuming that all the norms are less than 18 , Lemma 3.2 provides estimates of the
sums arising in Lemma 3.1.
Lemma 3.2[6] Let 0 < ǫ < 18 . Then
(3.36) ǫ+
∞∑
n=2
1
(n− 1)!
∑
d1,··· ,dn
d1+···+dn=2(n−1)
∑
T,labelled tree
with coordination
numbers d1,··· ,dn
d1! · · · dn! ǫn 6 ǫ
1− 8ǫ .
Norm is estimated in two steps. First rewrite (3.30)
|b(~s, ~z)|wh1,h2 6
∞∑
n=1
1
n!
∑
T,labelled tree with
vertices1,··· ,n
∑
~u,~ξ∈X
|a˜T |wp1,h1,p2,h2
Note that from (3.31) and Lemma 3.1
|a˜T |wp1,h1,p2,h2 6 d1! · · · dn! |a˜|
n
w2p1,h1,2p2,h2
.
Now using Lemma 3.2 with ǫ = |a˜|w2p1,h1,2p2,h2
(3.37) |b(~s, ~z)|wh1,h2 6
|a˜|w2p1,h1,2p2,h2
1− 8|a˜|w2p1,h1,2p2,h2
.
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Next denote n(~u) as the number of sites in ~u and rewrite (3.32)
(3.38)
|a˜|w2p1,h1,2p2,h2 6
∞∑
k=1
1
k!
∑
T,labelled tree with
vertices1,··· ,k
|
∫
dµI(Φ)χˆ(Φ)Φ(~u1) · · ·Φ(~uk)| |aT |w2,h1,2p2,h2
6
∞∑
k=1
1
k!
∑
T,labelled tree with
vertices1,··· ,k
p
n(~u)
1 |aT |w2,h1,2p2,h2
6
∞∑
k=1
1
k!
∑
T,labelled tree with
vertices1,··· ,k
|aT |w2p1,h1,2p2,h2
Note that from (3.33) and Lemma 3.1
|aT |w2p1,h1,2p2,h2 6 d1! · · · dk! |a|
k
w4p1,h1,4p2,h2
.
Now using Lemma 3.2 with ǫ = |a|w4p1,h1,4p2,h2
(3.39) |a˜|w2p1,h1,2p2,h2 6
|a|w4p1,h1,4p2,h2
1− 8|a|w4p1,h1,4p2,h2
.
Substituting |a˜|w2p1,h1,2p2,h2 from (3.39) in (3.37)
(3.40) |b|wh1,h2 6
|a|w4p1,h1,4p2,h2
1− 16|a|w4p1,h1,4p2,h2
.
Setting p2 = h1 = h2 = 1 we get
|b|w1,1 6
|a|w4p1,1,4,1
1− 16|a|w4p1,1,4,1
.
3.2. Application to U(1) Higgs-Yukawa model. The potential is given by
V1(Ω0, ψ¯, ψ,Φ
′
Λ1 ,ΦΛc1 , J¯, J) = −W1(Λ1)−W ′1(Λ1)−W2(Ω0)−W ′2(Ω0)
+ V (Ω0, S
loc
Λ1 ψ −Ψ, ψ¯ − Ψ¯, C
1
2
,loc
Λ1
Φ′ − ϕ) + Vǫ(Λ1, ψ¯, ψ,Φ′)− 〈ψ¯, J〉 − 〈J¯, SlocΛ1 ψ〉
and the localized small field integral is
Ξ(Ω1, ψ¯Ωc1 , ψΩc1 ,Φ
′
Λ1−Ω1 ,ΦΛc1 , J¯, J) =∫
dµI(ψ¯Ω1 , ψΩ1)dµI(Φ
′
Ω1) χˆΩ1(Φ
′)e−V1(Ω0,ψ¯,ψ,Φ
′
Λ1
,ΦΛc
1
,J¯,J)
Recall that Ω ⊆ Λ1, Ω0 = Ω − [rλ] and Ω1 = Ω0 − [rλ]. Set ΦΛc1 = 0, ψΛc1 = 0. Note
that
(3.41)
C
1
2
,loc
Λ1
Φ′ = C
1
2
,loc
Λ1
(Φ′Λ1−Ω1 ,Φ
′
Ω1)
SlocΛ1 ψ = S
loc
Λ1 (ψΛ1−Ω1 , ψΩ1).
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Denote
(3.42)
Φ = Φ′Ω1 , Θ = Φ
′
Λ1−Ω1 , ψ = ψΩ1 , η = (η1, η2) = (ψΛ1−Ω1 , J)
Ξ(Ω1, ψ¯Ωc1 , ψΩc1 ,Φ
′
Λ1−Ω1 ,ΦΛc1 , J¯, J) = Ξ(Ω1,Θ, η).
Here, Θ = Φ′Λ1−Ω1 is a spectator field and not an external source. They are just present in
the region but are not the integration variables. They are treated as a part of the region
P = Λ1 − Ω.
Theorem 3.2 There exists a coefficient system a(~u,~s, ~ξ, ~z) and a positive constant,
κ′ 6 min(γ1, γ2) such that
(3.43) V1(Ω0, ψ¯, ψ,Φ
′
Λ1 ,ΦΛc1 , J¯, J) =
∑
k,l,n,m>0
∑
~u,~s,~ξ,~z⊂Ω0
a(~u,~s, ~ξ, ~z)Φ(~u)Θ(~s)ψ(~ξ)η(~z)
and if g ∼ O(e0) then
(3.44) |a(~u,~s, ~ξ, ~z)| 6 ce0 e−κ′t(u1,··· ,uk,s1,··· ,sl,ξ1,··· ,ξn,z1,··· ,zm)
where t(u1, · · · , uk, s1, · · · , sl, ξ1, · · · , ξn, z1, · · · , zm) is the length of minimal tree and
||V1||w4p0,λ,1,4,1 6 ce
1
2
−ǫ
0 .
Proof First consider the Yukawa term
(3.45)
VY (Ω0) =
∑
x,α
g ψ¯L,α(x)C
1
2
,loc
Λ1
Φ′(x) (SlocΛ1 ψR)α(x)
=
∑
x,α
g ψ¯L,α(x) [C
1
2
,loc
Λ1
Φ(x) + C
1
2
,loc
Λ1
Θ(x)][(SlocΛ1 ψR)α(x) + (S
loc
Λ1 η1,R)α(x)]
=
∑
x,α
g ψ¯L,α(x)C
1
2
,loc
Λ1
Φ(x)(SlocΛ1 ψR)α(x) +
∑
x,α
g ψ¯L,α(x)C
1
2
,loc
Λ1
Φ(x)(SlocΛ1 η1,R)α(x)
+
∑
x,α
g ψ¯L,α(x)C
1
2
,loc
Λ1
Θ(x)(SlocΛ1 ψR)α(x) +
∑
x,α
g ψ¯L,α(x)C
1
2
,loc
Λ1
Θ(x)(SlocΛ1 η1,R)α(x)
We can extract the series coefficients by considering any one of the above terms. For
example, rewrite
(3.46)
∑
x,α
g ψ¯L,α(x)C
1
2
,loc
Λ1
Φ(x)(SlocΛ1 η1,R)α(x)
=
∑
x,x1,x2
∑
α,β
g ψ¯L,α(x)C
1
2
,loc
Λ1
(x, x1)Φ(x1)S
loc
Λ1,αβ(x, x2)η1,R,β(x2)
=
∑
x,x1,x2
∑
α,β
aαβ(x, x1, x2)ψ¯L,α(x)Φ(x1)η1,R,β(x2)
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where aαβ(x, x1, x2) = gC
1
2
,loc
Λ1
(x, x1)S
loc
Λ1,αβ
(x, x2) and x1, x2 ∈ Λ1. Note that |C
1
2
,loc
Λ1
(x, x1)| 6
ce−γ1|x−x1| and |SlocΛ1,αβ(x, x2)| 6 ce−γ2|x−x2|. Let κ′ = min(γ1, γ2), t(x, x1, x2) be the
length of the shortest tree joining x, x1, x2 and g ∼ O(e0). Then
(3.47) |aαβ(x, x1, x2)| 6 ce0 e−γ1|x−x1| e−γ2|x−x2| 6 ce0 e−κ′t(x,x1,x2).
Norm of VY . In (3.17) set p1 = p0,λ and h1 = p2 = h2 = 1 with κ < κ
′ and k = n = m = 1
and l = 0,
(3.48)
||VY ||w4p0,λ,1,4,1 6 maxy∈Ω0
∑
x,x1,x2∈Ω0
x orx1 orx2=y
∑
α,β
4eκt(x,x1,x2) (4)4p0,λ ce0 e
−κ′t(x,x1,x2)
6 max
y∈Ω0
∑
x,x1,x2∈Ω0
x orx1 orx2=y
4c42 4e−ǫ0 e0 e
−(κ′−κ)t(x,x1,x2)
6 c256e1−ǫ0
where we have assumed that 4p0,λ 6 e
−ǫ
0 .
Next consider the term
(3.49)
V ′ǫ (Ω0) =
∑
x
ψ¯L(x)[DA −D](SlocΛ1 ψL)(x)
=
∑
x
ψ¯(x)[γ · ∇A − 1
2
∆A − (γ · ∇ − 1
2
∆)](SlocΛ1 ψ)(x)
= −
∑
x
∑
µ
[
ψ¯(x)
(1− γµ
2
)
(e
ie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1)(SlocΛ1 ψ)(x + eµ)
+ ψ¯(x)
(1 + γµ
2
)
(e
−ie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1)(SlocΛ1 ψ)(x− eµ)
]
= −
∑
x,y,z
∑
µ
[
ψ¯(x)
(1− γµ
2
)
(e
ie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1)SlocΛ1 (x+ eµ, y)ψ(y)
+ ψ¯(x)
(1 + γµ
2
)
(e
−ie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1)SlocΛ1 (x− eµ, z)ψ(z)
]
=
∑
x,y,z
[a(x, y)ψ¯(x)ψ(y) + a(x, z)ψ¯(x)ψ(z)]
where for notation purposes we have suppressed the spinor indices and
(3.50)
a(x, y) = −
∑
µ
(1− γµ
2
)
(e
ie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1)SlocΛ1 (x+ eµ, y)
a(x, z) = −
∑
µ
(1 + γµ
2
)
(e
−ie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1)SlocΛ1 (x− eµ, z).
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Note that since |Aµ(x)| 6 p0,λ therefore, from Lemma 2.2 |(C
1
2
,loc
Λ1
Aµ)(x)| 6 cp0,λ and
|eie0(C
1
2 ,loc
Λ1
Aµ)(x) − 1| 6 ce0p0,λ 6 ce1−ǫ0 . Thus, |a(x, y)| 6 ce1−ǫ0
∑
µ e
−γ2|x+eµ−y| and
similarly |a(x, z)| 6 ce1−ǫ0
∑
µ e
−γ2|x−eµ−z|. Let κ < γ2, then
(3.51)
||V ′ǫ ||w4p0,λ,1,4,1 6 maxξ∈Ω0
∑
x,y∈Ω0
x or y=ξ
∑
α,β,δ
∑
µ
2eκt(x,y) 42 ce1−ǫ0 e
−γ2t(x,y)
6 max
ξ∈Ω0
∑
x,y∈Ω0
x or y=ξ
(32)256ce1−ǫ0 e
−(γ2−κ)t(x,y)
6 c8192e1−ǫ0 .
Next consider the source term
(3.52)
e0〈J¯, SlocΛ1 ψ〉 = e0
∑
x,α
η2,α(x)(S
loc
Λ1 ψ)α(x)
= e0
∑
x,α
η2,α(x)[(S
loc
Λ1 ψ)α(x) + (S
loc
Λ1 η1)α(x)]
= e0
∑
x,x1,α,β
η2,α(x)S
loc
Λ1,α,β(x, x1)ψβ(x1) + e0
∑
x,x1,α,β
η2,α(x)S
loc
Λ1,α,β(x, x1)η1,β(x1)
=
∑
x,x1,α,β
aαβ(x, x1)η2,α(x)ψβ(x1) +
∑
x,x1,α,β
aαβ(x, x1)η2,α(x)η1,β(x1)
where aαβ(x, x1) = e0 S
loc
Λ1,α,β
(x, x1) with |aαβ(x, x1)| 6 ce0 e−γ2|x−x1| and x1 ∈ Λ1. To
estimate the norm set p1 = p0,λ and h1 = p2 = h2 = 1 with κ < γ2 and k = m = 1 and
l = n = 0 in (3.17),
(3.53)
||e0〈J¯, SlocΛ1 ψ〉||w4p0,λ,1,4,1 6 maxy∈X
∑
x,x1∈X
x or x1=y
∑
α,β
2eκ|x−x1| 4ce0 e−γ2|x−x1|
6 max
y∈X
∑
x,x1∈X
x or x1=y
c (8)42 e0 e
−(γ2−κ)|x−x1|
6 c128e0.
Recall that from Lemma 2.5, ||Vǫ(ψ¯, ψ,)||h 6 c [rλ]4 e−
γ2
2
rλh2. Setting h = 1, using
e−
γ2
2
rλ ∼ O(e20) and summing over spinor indices,
(3.54) ||Vǫ(ψ¯, ψ,)||1 6 c16[rλ]4 e20.
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For the bosonic terms VB in the potential we quote our result from the U(1) Higgs model
[4]
(3.55) ||VB ||w4p0,λ,1,4,1 6 c (c0 e
1−2ǫ
0 )
1
2 .
Then the norm of V1 is
||V1||w4p0,λ,1,4,1 6 ||VB ||w4p0,λ,1,4,1 + 2 ||VY ||w4p0,λ,1,4,1 + ||V ′ǫ ||w4p0,λ,1,4,1 + ||Vs||w4p0,λ,1,4,1
6 c (c0 e
1−2ǫ
0 )
1
2 + c512e1−ǫ0 + c8192e
1−ǫ
0 + c256e0
6 ce
1
2
−ǫ
0 .
This completes the proof of Theorem 3.2.
If ||V1||w4p0,λ,1,4,1 < 116 , then from the Theorem 3.1
(3.56) ||log Ξ(Ω1,Θ, η) − log Ξ(Ω1, 0, 0)||w1,1 6
||V1||w4p0,λ,1,4,1
1− 16||V1||w4p0,λ,1,4,1
6 ce
1
2
−ǫ
0 .
Define a function H
(3.57)
H(Θ, η) =
∑
Y
∑
~s,~z
supp(~s,~z)=Y
b(~s, ~z)Θ(~s)η(~z) =
∑
Y
H(Y,Θ, η)
||H −H(0)||w1,1 = ||log Ξ(Ω1,Θ, η)− log Ξ(Ω1, 0, 0)||w1,1 .
Shift. Denote
(3.58) Υ = SΛ1DΛ1Q˜ηQ˜ ϕ = CΛ1TΛ1Q˜ΦQ˜.
Define H# by
H#(Θ, φ, η,Ψ) = H(Θ− ϕ, η −Υ)
Let wh1,h′1,h2,h′2(~s, ~z) = e
κt(supp(~s,~z))hl11 h
′l2
1 h
m1
2 h
′m2
2 be the weight system with mass κ giving
weight at least h1 to Θ, h
′
1 to φ, h2 to η and h
′
2 to Ψ. Then
(3.59) ||H#||wh1,h′1,h2,h′2 6 ||H||wh1+h′1,h2+h′2
The above bound follows from [6] where H and H# are functions of bosonic variables and
thus, ||H|| = ||H#||. In our case due to antisymmetric nature of the fermionic variables
we have an inequality instead.
Norm. Let wh1,h2(~s, ~z) = e
κt(supp(~s,~z))h
n(~s)
1 h
n(~z)
2 be the weight system of mass κ (where
n(~s) and n(~z) denote the # of sites in ~s and ~z respectively) giving weight h1 to the field
Θ and h2 to the field η. Let Y = supp(~s, ~z). Define
(3.60) ||H#||wh1,h2 = sup
Y
eκt(Y )||H#(Y )||wh1,h2 .
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 32
In our case field Θ (external bosonic field) is absent. We take support of Θ to be empty
but the weight to be non zero. Set h1 = h2 = 1. We have shown that
(3.61) ||H#||w1,1 6 ce
1
2
−ǫ
0
set κ = κ2 < min(γ1, γ2) therefore,
(3.62) ||H#(Y )||w1,1 6 ce
1
2
−ǫ
0 e
−κ2t(Y ).
3.2.1. From ~s, ~z to polymer. We now make a transition from vector notation to polymers.
A polymer is a union of [rλ] blocks i such that any two blocks centered on nearest [rλ]
neighbor sites, have a common hypersurface, face, edge or a site; connected union of blocks.
For a polymer X, let |X| denote the # of  in X. It is assumed that a series expansion of
type H#(Y,Θ, η) is contained in each polymer. Define the set
(3.63) XY = {all [rλ] blocks, containing Y : XY ∩ Ω1 6= ⊘}.
Let X = {Xi} ⊂ Ω0 be a collection of polymers. Rewrite
(3.64) log Ξ(Ω1,Θ, η) =
∑
Y
H#(Y,Θ, η) =
∑
X
∑
Y :XY =X
H#(Y,Θ, η) =
∑
X
H#(X,Θ, η).
Rewrite Ξ(Ω1,Θ, η) using Mayer expansion as
(3.65)
Ξ(Ω1,Θ, η) = e
∑
XH
#(X,Θ,η) =
∏
X
[
eH
#(X,Θ,η) − 1 + 1
]
=
∑
{Xi}→Z
∏
i
[
eH
#(Xi,Θ,η) − 1
]
=
∑
{Zi},
disjoint
∏
i
K(Zi,Θ, η)
where {Zi} are polymers and for a particular Zi,
(3.66) K(Z,Θ, η) =
∑
∪Xi=Z
∏
i
[
eH
#(Xi,Θ,η) − 1
]
.
For a polymer X, define
τ(X) : [rλ]
−1 (length of the shortest tree in X joining [rλ]− in X).
Note that for Y = supp(~s, ~z) and ||H#(Y )||w1,1 6 ce
1
2
−ǫ
0 e
−κ2t(Y ),
t(Y ) > [rλ]τ(X)
||H#(X)||w1,1 6 ce
1
2
−ǫ
0 e
−κ2[rλ] τ(X)
then for some κ3 sufficiently large
(3.67) ||H#(X)||w1,1 6 ce
1
2
−ǫ
0 e
−κ3τ(X).
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Lemma 3.3 Let Z = {Zi} be a disjoint collection of polymers and K(Zi,Θ, η) be the func-
tion as defined above. Then for a new constant κ4 =
κ3
2 , ||K(Z)||w1,1 6 ce
1
2
−ǫ
0 e
−κ4τ(Z).
Proof Rewrite the unordered collection {Xi} as ordered sets (X1,X2, · · · ,Xn). Then for a
particular Zi with ∪Xi = Zi,
(3.68) K(Z,Θ, η) =
∞∑
n=1
1
n!
∑
∪Xi=Z
∏
i
[
eH
#(Xi,Θ,η) − 1
]
.
Now using (3.67),
(3.69)
|eH#(Xi) − 1| = |
∫ 1
0
d
ds
esH
#(Xi)ds| = |
∫ 1
0
H#(Xi)e
sH#(Xi)ds|
6 cO(1)e
1
2
−ǫ
0 e
−κ3τ(Xi)
and
(3.70)
||K(Z)||w1,1 6
∞∑
n=1
1
n!
∑
∪Xi=Z
n∏
i=1
cO(1)e
1
2
−ǫ
0 e
−κ3τ(Xi)
6 O(1)e
1
2
−ǫ
0 e
−κ3
2
τ(Z)
∞∑
n=1
1
n!
∑
(X1,··· ,Xn)⊂Z
n∏
i=1
c (O(1)e
1
2
−ǫ
0 )
1
2 e−
κ3
2
τ(Xi)
6 O(1)e
1
2
−ǫ
0 e
−κ3
2
τ(Z)
∞∑
n=1
1
n!
[∑
X⊂Z
c (O(1)e
1
2
−ǫ
0 )
1
2 e−
κ3
2
τ(X)
]n
In second line, since {Xi} overlap, τ(X1) + · · · + τ(Xn) > τ(Z) and we also extracted
a factor of O(1)e
1
2
−ǫ
0 from O(1) (e
1
2
−ǫ
0 )
n, leaving behind a factor of (O(1)e
1
2
−ǫ
0 )
n
2 . This
inequality holds for n > 2. Next we use lemma 25, [12] (there exists a constant b, such
that
∑
X∩Z 6=⊘ e
−aτ(X) 6 b) and rewrite the bracketed term as
∑
X⊂Z
c (O(1)e
1
2
−ǫ
0 )
1
2 e−
κ3
2
τ(X) 6 c (O(1)e
1
2
−ǫ
0 )
1
2 b.
Thus,
(3.71)
||K(Z)||w1,1 6 ce
1
2
−ǫ
0 e
−κ3
2
τ(Z)
∞∑
n=1
1
n!
(c (O(1)e
1
2
−ǫ
0 )
1
2 b)n
6 O(1)e
1
2
−ǫ
0 e
−κ3
2
τ(Z)ec (O(1) e
1
2−ǫ
0 )
1
2 b
6 ce
1
2
−ǫ
0 e
−κ4τ(Z).
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 34
4. Large field region
There are two large field regions
(1) intermediate large field region P (recall the definition Ω = Λ1 − P) such that
∀ ∈ P,∃ at least one u ∈ , with p0,λ < |Φ(u)| and ∀u ∈ , |Φ(u)| < pλ,
(2) large field region Q such that ∀ ∈ Q,∃ at least one u ∈ , with |Φ(u)| > pλ and
v 6= 0.
Recall that Q˜ = Λc1, that is, Q˜ is an enlargement of Q by [rλ]
4. Each component Q˜k of Q˜
is a union of connected components of Q written Q˜k ⊃ ∪iQk,i. Then Q = ∪k,iQk,i ⊂ Q˜.
Denote
(4.1) P˜ ≡ Λ0 − Ω1
such that P˜ is an enlargement of P by 16[rλ]
4. Each component P˜l of P˜ is a union of
connected components of P written P˜l ⊃ ∪iPl,i. Then P = ∪l,iPl,i ⊂ P˜.
Rewrite the large field quadratic part in the generating functional
(4.2)
−1
2
〈Φ,TQ˜Φ〉+
1
2
〈Φ,TQ˜Λ1CΛ1TΛ1Q˜Φ〉 − 〈ψ¯β ,DQ˜ψα〉+ 〈ψ¯β ,DQ˜Λ1SΛ1DΛ1Q˜ψα〉
= −1
2
∑
i
〈Φ, (TQ˜i − TQ˜iΛ1CΛ1TΛ1Q˜i)Φ〉+
∑
i
〈ψ¯β , (DQ˜i −DQ˜iΛ1SΛ1DΛ1Q˜i)ψα〉
+
1
2
∑
i,j
i 6=j
〈Φ,TQ˜iΛ1CΛ1TΛ1Q˜jΦ〉+
∑
i,j
i 6=j
〈ψ¯β,DQ˜iΛ1SΛ1DΛ1Q˜jψα〉
For the terms involving different polymers Q˜i and Q˜j we construct polymers connecting
them. Consider two disjoint blocks  and ′ such that d(,′) > [rλ]. Let X be a polymer
connecting  and ′. For example,
X(,′) : all 4-dimensional rectangular paths connecting ,′.
(By rectangular paths we mean starting at  and selecting coordinate axis one at a time
and traveling along it until the coordinate of ′ is reached.) Let 1 and 1′ denote the
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characteristic functions restricting operators to  and ′ respectively. Then
(4.3)
1
2
∑
i,j
i 6=j
〈Φ,TQ˜iΛ1CΛ1TΛ1Q˜jΦ〉+
∑
i,j
i 6=j
〈ψ¯β ,DQ˜iΛ1SΛ1DΛ1Q˜jψα〉
=
1
2
∑
,′
∑
i,j
〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉+
∑
,′
∑
i,j
〈ψ¯β , 1DQ˜iΛ1SΛ1DΛ1Q˜j1′ψα〉
=
∑
X
∑
,′→X
∑
i,j
[1
2
〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉+ 〈ψ¯β , 1DQ˜iΛ1SΛ1DΛ1Q˜j1′ψα〉
]
=
∑
X
σ(X)
where only disjoint ,′ contribute and
(4.4) σ(X) =
∑
,′→X
∑
i,j
[1
2
〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉+ 〈ψ¯β , 1DQ˜iΛ1SΛ1DΛ1Q˜j1′ψα〉
]
.
Thus, e
∑
i6=j [
1
2
〈Φ,TQ˜iΛ1CΛ1TΛ1Q˜jΦ〉+〈ψ¯β ,DQ˜iΛ1SΛ1DΛ1Q˜jψα〉] = e
∑
X σ(X) and rewrite it using
Mayer expansion as
(4.5) e
∑
X σ(X) =
∏
X
[
(eσ(X) − 1) + 1
]
=
∑
{Xi}
distinct
∏
i
[
eσ(Xi) − 1
]
=
∑
{Xi}
disjoint
∏
i
f(Xi)
where in the last step we group the collection {Xi} into disjoint connected sets and define
for X connected
(4.6) f(X) =
∑
∪Xi=X
∏
i
[
eσ(Xi) − 1
]
.
Denote Dψ¯Dψ =∏x,α,β dψ¯β(x)dψα(x).
Recall that Z0(Ω1) =
∫ Dψ¯Ω1DψΩ1DΦ′Ω1 e−〈ψ¯β ,ψα〉Ω1− 12 ||Φ′||2Ω1 and rewrite
(4.7) Z0(Ω1) = Z0(T)Z0(Ω
c
1)
−1 = Z0(T)Z0(Q)−1 Z0(P˜)−1.
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Then the generating functional is
(4.8)
Z[η] =
(2π
e0
)−|T|+1det C 12
det S
Z0(T)
∑
v:dv=0
∑
{Q˜k}
∑
{Xi}
∑
{P˜l}
∑
{Zj}∏
k
eW2(Q˜k)−W
′
2(Q˜k)
∫ ∏
k
DΦQ˜k Dψ¯Q˜kDψQ˜k ζQk χQ˜k\Qk(Φ)
e
− 1
2
〈Φ,(TQ˜k−TQ˜kΛ1CΛ1TΛ1Q˜k )Φ〉−〈ψ¯β ,(DQ˜k−DQ˜kΛ1SΛ1DΛ1Q˜k )ψα〉e−V (Q˜k ,ψ,ψ¯,Φ)
eVs(Q˜k)−V
′
ǫ (Q˜k)
∏
k
Z0(Qk)
−1∏
i
f(Xi, η)
∏
l
eW2(P˜l)−W
′
2(P˜l)
∫ ∏
l
DΦ′
P˜l
Dψ¯P˜lDψP˜le
− 1
2
||Φ′||2
P˜l
−〈ψ¯β ,ψα〉P˜l e−V (P˜l,S
loc
Λ1
ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)
eVs(P˜l)−V
′
ǫ (P˜l)ζˆPl(Φ
′) χP˜l(C
1
2
,loc
Λ1
Φ′ − ϕ)
∏
l
Z0(P˜l)
−1 ∏
j
K(Zj,Θ, η).
where ζPl =
∏
i ζPl,i:∪iPl,i⊂P˜l(Φ
′) and ζQk =
∏
i ζQk,i:∪iQk,i⊂Q˜k(Φ). Denote
(4.9)
ρ(Q˜k, η) = e
W2(Q˜k)−W ′2(Q˜k) e−
1
2
〈Φ,(TQ˜k−TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉−〈ψ¯β ,(DQ˜k−DQ˜kΛ1SΛ1DΛ1Q˜k)ψα〉
e−V (Q˜k,ψ,ψ¯,Φ)+Vs(Q˜k)−V
′
ǫ (Q˜k)ζQk(Φ)χQ˜k\Qk(Φ) Z0(Qk)
−1
ρ′(P˜l, η) = eW2(P˜l)−W
′
2(P˜l)e
− 1
2
||Φ′||2
P˜l
−〈ψ¯β ,ψα〉P˜l e−V (P˜l,S
loc
Λ1
ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)
eVs(P˜l)−V
′
ǫ (P˜l)ζˆPl(Φ
′)χP˜l(C
1
2
,loc
Λ1
Φ′ − ϕ) Z0(P˜l)−1
and rewrite the generating functional as
(4.10)
Z[η] =
(2π
e0
)−|T|+1det C 12
det S
Z0(T)
∑
v:dv=0
∑
{Q˜k}
∑
{Xi}
∑
{P˜l}
∑
{Zj}∏
k
∫
DΦQ˜k Dψ¯Q˜kDψQ˜kρ(Q˜k, η)
∏
i
f(Xi, η)
∏
l
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜lρ
′(P˜l, η)
∏
j
K(Zj,Θ, η).
Let wh(~ξ) = e
κt(supp(~ξ))hn(
~ξ) be a weight system of mass κ giving weight at least h to ψ¯, ψ
and n(~ξ) denotes the # sites in ~ξ.
In the estimates below O(1) refers to a numerical value independent of the coupling con-
stants and depending only on the number of dimensions.
Lemma 4.1 There exists a constant κ′ > 0 such that ||f(X)||w1 6 O(1)e2−2ǫ0 e−κ
′τ(X).
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Proof Let x ∈  and x′ ∈ ′. Define a metric d(x, x′) = supµ |xµ − x′µ| and d(,′) =
infx,x′ d(x, x
′). Then |CΛ1(x, x′)| 6 ce−γ1d(x,x
′) 6 ce−γ1d(,
′) and
|SΛ1(x, x′)| 6 ce−γ2d(x,x
′) 6 ce−γ2d(,′). Let X is a polymer joining ,′. First estimate
σ(X). Note that
(4.11)
〈ψ¯, 1DQ˜iΛ1SΛ1DΛ1Q˜j1′ψ〉 =
∑
x∈Λ1
∑
α
(ψ¯1DQ˜iΛ1)α(x)(SΛ1DΛ1Q˜j1′ψ)α(x)
=
∑
x∈Λ1:(x+eµ)∈
y∈Λ1
∑
α,β
µ
ψ¯β(x+ eµ)DQ˜iΛ1,α,β(x, x+ eµ)SΛ1,αβ(x, y)(DΛ1Q˜j1′ψ)β(y)
=
∑
x∈Λ1:(x+eµ)∈
y∈Λ1:(y+eµ)∈′
∑
α,β,β′
µ
ψ¯β(x+ eµ)DQ˜iΛ1,α,β(x, x+ eµ)SΛ1,αβ(x, y)DΛ1Q˜j ,β,β′(y, y + eµ)ψβ′(y + eµ)
=
∑
x∈Λ1:(x+eµ)∈
y∈Λ1:(y+eµ)∈′
∑
β,β′
µ
aβ,β′(x+ eµ, y + eµ)ψ¯β(x+ eµ)ψβ′(y + eµ)
where
(4.12) aβ,β′(x+ eµ, y + eµ) =
∑
α
DQ˜iΛ1,α,β(x, x+ eµ)SΛ1,αβ(x, y)DΛ1Q˜j ,β,β′(y, y + eµ)
To calculate |aβ,β′(x+ eµ, y + eµ)| first note that since Λ1, Q˜ are disjoint there is no mass
term in DΛ1Q˜, therefore, ||DΛ1Q˜||2 6 O(1). Then
(4.13) |aβ,β′(x+ eµ, y + eµ)| 6
∑
α
O(1)ce−γ2d(x+eµ,y+eµ) 6 4O(1)e−γ2d(x+eµ,y+eµ)
Therefore, for κ < γ2
(4.14)
||〈ψ¯,1DQ˜iΛ1SΛ1DΛ1Q˜j1′ψ〉||w1 6 maxz max16i62
∑
x,y
xory=z
∑
β,β′
µ
eκd(x+eµ,y+eµ)|aβ,β′(x+ eµ, y + eµ)|
6 max
z
max
16i62
∑
x,y
xory=z
4O(1)43e−(γ2−κ)d(x+eµ,y+eµ)
6 O(1)256e− 34 (γ2−κ)d(,′)max
z
max
16i62
∑
x,y
xory=z
e−
1
4
(γ2−κ)d(x+eµ,y+eµ)
6 O(1)e20 e−
1
4
(γ2−κ)d(,′)
where the last step follows as ,′ are disjoint d(,′) > [rλ] and e−
1
2
(γ2−κ)[rλ] = O(e20).
Again since Λ1, Q˜ are disjoint, TΛ1Q˜ does not have a mass term; ||TQ˜kΛ1Φ||2 6 24+1||Φ||2
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(see Lemma 4.2 in [4]) and therefore,
||〈Φ, 1TQ˜iΛ1CΛ1TΛ1Q˜j1′Φ〉|| 6 24+1 e20 p2λe−
γ1
2
d(,′).
For a given X joining ,′, the number of (,′) with  ∈ Q˜i and ′ ∈ Q˜j is bounded
by O(1) depending only on the dimension. The number of (Q˜i, Q˜j) is bounded by O(|X|).
There are d! = 24 ways to construct X. Thus, d(,′) > τ(X) [rλ]24 . Also, near the boundary
∂Λ1, |Φ(x)| 6 pλ,∀x ∈ Λ0. Use e−
γ1
2
[rλ] = O(e20) and denote γ′ = min(γ12 , 14 (γ2−κ)). Then
from (4.4)
(4.15)
||σ(X)||w1 6 O(|X|)
[
24+1 e20 p
2
λe
− γ1
2
d(,′) +O(1)e20 e−
1
4
(γ2−κ)d(,′)
]
6 O(|X|)
[
32e20 p
2
λ +O(1)e20
]
e−γ
′d(,′)
6 O(1)O(|X|)e2−2ǫ0 e−γ
′ [rλ]
24
τ(X).
Following the analysis of Lemma 3.3 for some constant κ′ sufficiently large,
||f(X)||w1 6 O(1)e2−2ǫ0 e−κ
′τ(X).
Lemma 4.2 The following bounds hold.
(1) ||〈ψ¯, (DQ˜k −DQ˜kΛ1SΛ1DΛ1Q˜k)ψ〉||w1 6 O(1).
(2) Let mmin = min(µ
2,m2A). Then for mmin > 2
4
2
+1 = 8 and constants γ3, γ4 > 0,
1
2
〈Φ, (TQ˜k − TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉+ V (Q˜k, ψ, ψ¯,Φ) > γ3〈Φ,TΦ〉Q˜k + γ4 ||Φ||
2
Q˜k
.
Proof Note that
(4.16)
〈ψ¯,DQ˜kψ〉 =
∑
x∈Q˜k
∑
α
ψ¯α(x)(DQ˜kψ)α(x) =
∑
x∈Q˜k
∑
α,β
ψ¯α(x)DQ˜k,αβ(x, x+ eµ)ψβ(x+ eµ)
=
∑
x∈Q˜k
∑
α,β
aα,β(x, x+ eµ)ψ¯α(x)ψβ(x+ eµ)
where aα,β(x, x+ eµ) = DQ˜k,αβ(x, x+ eµ). Let κ < γ2. Then
(4.17) ||〈ψ¯,DQ˜kψ〉||w1 6 maxx
∑
α,β
eκ |aα,β(x, x+ eµ)| 6 16eκO(mf )
and from Lemma 4.1
(4.18) ||〈ψ¯,DQ˜kΛ1SΛ1DΛ1Q˜kψ〉||w1 6 O(1).
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Since mf > 1
(4.19)
||〈ψ¯, (DQ˜k −DQ˜kΛ1SΛ1DΛ1Q˜k)ψ〉||w1 6 ||〈ψ¯,DQ˜kψ〉||w1 + ||〈ψ¯,DQ˜kΛ1SΛ1DΛ1Q˜kψ〉||w1
6 16eκO(mf ) +O(1)
6 O(1).
This completes the proof of (1).
First consider the Yukawa term VY (Q˜k) =
∑
x∈Q˜k g(ψ¯ρψ)(x) in V (Q˜k, ψ, ψ¯,Φ) and note
that
(4.20)
||VY (Q˜k)||w1 =
∑
x∈Q˜k
∑
α,β
||g(ψ¯βρψα)(x)||w1 6 g 16 ||Φ||Q˜k 6 g 16 ||Φ||
2
Q˜k
.
Let VB(Q˜k,Φ) denote the bosonic terms in V (Q˜k, ψ, ψ¯,Φ) such that VB + VY = V . Next
from Lemma 4.2 in [4] first rewrite
〈Φ, (TQ˜k − TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉+ VB(Q˜k,Φ)
=
1
2
〈Φ, (TQ˜k − 2TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉+
1
2
〈Φ,TQ˜kΦ〉+ VB(Q˜k,Φ)
and then use
(4.21)
1
2
〈Φ, (TQ˜k − 2TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉 >
1
2
(mmin − 2(2
5)
mmin
)||Φ||2
Q˜k
.
The constant on the right hand side in above equations is positive if mmin > 8. Thus, from
(4.20) and (4.21) it follows that
(4.22)
1
2
〈Φ, (TQ˜k − 2TQ˜kΛ1CΛ1TΛ1Q˜k)Φ〉+ VY (Q˜k) >
1
2
(mmin − 2(2
5)
mmin
)||Φ||2
Q˜k
− g 16 ||Φ||2
Q˜k
> γ4 ||Φ||2Q˜k .
And from the stability Lemma 11.1 in [5] we have for some constant γ3 > 0
(4.23)
1
2
〈Φ,TQ˜kΦ〉+ VB(Q˜k,Φ) > γ3 〈Φ,TQ˜kΦ〉.
Adding (4.22) and (4.23) gives the result.
Recall that
ρ(Q˜k, η) = e
W2(Q˜k)−W ′2(Q˜k) e−
1
2
〈Φ,(TQ˜k−TQ˜kΛ1CΛ1TΛ1Q˜k )Φ〉−〈ψ¯,(DQ˜k−DQ˜kΛ1SΛ1DΛ1Q˜k )ψ〉
e−V (Q˜k ,ψ,ψ¯,Φ)+Vs(Q˜k)−V
′
ǫ (Q˜k)ζQk(Φ)χQ˜k\Qk(Φ) Z0(Qk)
−1.
For the source term note that
(4.24) ||Vs||w1,1 = ||e0〈ψ¯, η〉 + e0〈η¯, ψ〉||w1,1 6 e0 32
where summing over spinor indices gives us a factor of 16 and two terms give another factor
of 2. Thus, ||eVs ||w1,1 6 e||Vs||w1,1 6 O(1).
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Next consider the term
(4.25)
V ′ǫ =
∑
x∈Q˜k
ψ¯L(x)[DA −D]ψL(x) =
∑
x∈Q˜k
ψ¯(x)[γ · ∇A − 1
2
∆A − (γ · ∇ − 1
2
∆)]ψ(x)
= −
∑
x∈Q˜k
∑
µ
[
ψ¯(x)
(1− γµ
2
)
(eie0Aµ(x) − 1)ψ(x + eµ) + ψ¯(x)
(1 + γµ
2
)
(e−ie0Aµ(x) − 1)ψ(x − eµ)
]
Then
(4.26) ||V ′ǫ ||w1 6 16
∑
µ
[
|eie0Aµ − 1|+ |e−ie0Aµ − 1|
]
6 256
where a factor of 16 comes from the implicit sum over spinor indices and sum over µ gives
another factor of 4.
Proposition 4.3 For polymers Q˜ = {Q˜k} let the function ρ(Q˜k, η) be as defined. From
Lemma 4.2 ||e−〈ψ¯,(DQ˜k−DQ˜kΛ1SΛ1DΛ1Q˜k )ψ〉||w1 6 e||〈ψ¯,(DQ˜k−DQ˜kΛ1SΛ1DΛ1Q˜k )ψ〉||w1 6 O(1). Then
(4.24), (4.26) and e−
pλ
2 = O(e20) implies
(4.27) ||
∑
v on Q˜k:dv=0
ρ(Q˜k, η)||w1,1 6 O(1)e20 e−
3
8
pλτ(Qk) e
−(mminγ3−p−1λ +c)||Φ||2Q˜k .
Proof follows directly from [4].
Lemma 4.4 In region {P˜l}, the following relation holds
(4.28) ||e−V (P˜l,SlocΛ1ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)||w1,1 6 eO(1) e
1−4ǫ
0 |P˜l|.
Proof From Lemma 2.2, |C
1
2
,loc
Λ1
Φ′| < O(1) ||Φ′||P˜l,∞ < O(1)pλ. Also, near the boundary
∂Λ1, |ΦQ˜| 6 pλ, therefore, |ϕ| 6 O(1)e−rλpλ < pλ2 . Next note that every term in V carries
a factor of at least g or e0. We have assumed that for some 0 < ǫ≪ 1, pλ < e−ǫ0 and using
(4.24), (4.26), ||V (P˜l, SlocΛ1 ψ − Ψ, ψ¯ − Ψ¯, C
1
2
,loc
Λ1
Φ′ − ϕ)||w1,1 6 O(1)e1−4ǫ0 |P˜l|. The result
follows using ||e−V ||w1,1 6 e||V ||w1,1 .
Recall that
(4.29)
ρ′(P˜l, η) = eW2(P˜l)−W
′
2(P˜l)e
− 1
2
||Φ′||2
P˜l
−〈ψ¯β ,ψα〉P˜l e−V (P˜l,S
loc
Λ1
ψ−Ψ,ψ¯−Ψ¯,C
1
2 ,loc
Λ1
Φ′−ϕ)
eVs(P˜l)−V
′
ǫ (P˜l) ζˆPl(Φ
′)χP˜l(C
1
2
,loc
Λ1
Φ′ − ϕ) Z0(P˜l)−1
Proposition 4.5 For polymers P˜ = {P˜l} let ρ′(P˜l, J) be the function as defined. Then
from Lemma 4.4, (4.24), (4.26) and using e−
pλ
2 = O(e20) we have
(4.30) ||ρ′(P˜l, η)||w1,1 6 O(1)e20 e−
3
8
p0,λτ(Pl)e
−〈ψ¯,ψ〉P˜l−(
1
2
−p−10,λ)||Φ′||2P˜l .
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Proof follows directly from [4].
5. Convergence
Recall that T is a finite lattice. Q ⊂ T and Λ0 = T − Q. Q˜ is an enlargement of Q by
[rλ]
4 and Λ1 = T − Q˜. P ⊂ Λ1 and Ω = Λ1 − P. Ω1 is contraction of Ω by 16[rλ]4 and
P˜ = Λ0 − Ω1 that is P˜ is an enlargement of P by 16[rλ]4.
{Zj} ⊆ Ω1, {P˜l} ⊆ Λ0−Ω1 and {Xi}∪{Q˜k} ⊆ Λc1 are disjoint polymers. These collection of
polymers overlap near the boundaries of various regions of T. We combine these overlapping
parts into connected components in two steps.
(1) In the region Λ1, define connected components {Ym}, such that any Y ∈ {Ym},
(5.1) Y = ∪j{Zj} ∪l {P˜l}
where Zj and P˜l overlap and rewrite
(5.2)
∑
{Zj}
∑
{P˜l}
∏
l
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜lρ
′(P˜l, η)
∏
j
K(Zj , η)
=
∑
{Ym}
∑
∪j{Zj}∪l{P˜l}→Ym
∏
l
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜lρ
′(P˜l, η)
∏
j
K(Zj , η)
=
∑
{Ym}
∏
m
K ′(Ym, η)
where for a connected Y,
(5.3) K ′(Y, η) =
∑
∪j{Zj}∪l{P˜l}→Y
∏
l
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜lρ
′(P˜l, η)
∏
j
K(Zj, η).
Rewrite the generating functional
(5.4)
Z[η] =
(2π
e0
)−|T|+1(det C 12
det S
)
Z0(T)
∑
v:dv=0
∑
{Q˜k}
∑
{Xi}
∑
{Ym}∏
k
∫
DΦQ˜k Dψ¯Q˜kDψQ˜kρ(Q˜k, η)
∏
i
f(Xi, η)
∏
m
K ′(Ym, η).
(2) In the entire lattice T, define connected components {Cl}, such that any C ∈ {Cl},
(5.5) C = ∪i{Xi} ∪k {Q˜k} ∪m {Ym}
MASS GAP IN U(1) HIGGS-YUKAWA MODEL ON A UNIT LATTICE 42
where Xi, Q˜k and Ym overlap and rewrite
(5.6)
∑
{Xi}
∑
{Q˜k}
∑
{Ym}
∏
k
∫
DΦQ˜kDψ¯Q˜kDψQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, η)
∏
i
f(Xi, η)
∏
m
K ′(Ym, η)
=
∑
{Cl}
∑
∪i{Xi}∪k{Q˜k}∪m{Ym}→{Cl}
∏
k
∫
DΦQ˜kDψ¯Q˜kDψQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, η)
∏
i
f(Xi, η)
∏
m
K ′(Ym, η)
=
∑
{Cl}
∏
l
K#(Cl, η)
where for any connected C,
(5.7)
K#(C, η) =
∑
∪i{Xi}∪k{Q˜k}∪m{Ym}→C
∏
k
∫
DΦQkDψ¯Q˜kDψQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, η)
∏
i
f(Xi, η)
∏
m
K ′(Ym, η).
Rewrite the generating functional
(5.8) Z[η] =
(2π
e0
)−|T|+1(det C 12
det S
)
Z0(T)
∑
{Cl}
∏
l
K#(Cl, η).
Let wp1,p2,h1,h2(~u,~s,
~ξ, ~z) = eκt(supp(~u,
~ξ,~z))p
n(~u)
1 h
n(~s)
1 p
n(~ξ)
2 h
n(~z)
2 be the weight system with
mass κ giving weight at least p1 to Φ, h1 to Θ, p2 to ψ and h2 to η where n(~u), n(~s), n(~ξ), n(~z)
denote the # sites in ~u,~s, ~ξ, ~z respectively..
Set p1 = p0,λ, h1 = 1, p2 = 1, h2 = 1 and n(~s) = 0 since there are no external bosonic
sources. Denote w = wp0,λ,1,1,1.
Lemma 5.1 There exists constant κ5 > 0 and sufficiently large such that
||K ′(Y, η)||w 6 ce
1
2
−ǫ
0 e
−κ5τ(Y).
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Proof From the definition (5.3)
(5.9)
||K ′(Y, η)||w 6
∑
∪j{Zj}∪l{P˜l}=Y
∏
l
||
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜lρ
′(P˜l, η)||w
∏
j
||K(Zj , η)||w
6
∑
∪j{Zj}∪l{P˜l}=Y
∏
j
ce
1
2
−ǫ
0 e
−κ4τ(Zj)
∏
l
ce20 e
− 3
8
p0,λ τ(Pl)
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜le
−〈ψ¯,ψ〉P˜l−(
1
2
−p−10,λ)||Φ′||2P˜l .
Since {Zj} and {P˜l} overlap, τ(Zj)+τ(P˜l) > τ(Y), we can extract a factor of e−min(κ4,
3
8
pλ)
τ(Y)
2 =
e−
κ4
2
τ(Y). We extract a factor of e
1
2
−ǫ
0 from the first term since the small field is the most
prominent region and also do the integration of the last term,
(5.10)
||K ′(Y, η)||w 6 e
1
2
−ǫ
0 e
−κ4
2
τ(Y)
∑
∪j{Zj}∪l{P˜l}⊂Y
∏
j
ce
1
4
− ǫ
2
0 e
−κ4
2
τ(Zj)
∏
l
ce20 e
− 3
16
p0,λ τ(Pl)
∫
DΦ′
P˜l
Dψ¯P˜lDψP˜le
−〈ψ¯,ψ〉P˜l−(
1
2
−p−10,λ)||Φ′||2P˜l
6 e
1
2
−ǫ
0 e
−κ4
2
τ(Y)
( π
1− p−10,λ
) |Y|
2
[ ∑
∪j{Zj}⊂Y
∏
j
ce
1
4
− ǫ
2
0 e
−κ4
2
τ(Zj)
]
[ ∑
∪l{Pl}⊂Y
∏
l
ce20 e
− 3
16
p0,λ τ(Pl)
]
.
Rewrite {Zj} and {Pl} as ordered collection (Z1, · · · , Zn) and (P1, · · · ,Pm) and using
|Y| 6 81(τ(Y) + 1)
(5.11)
||K ′(Y, η)||w 6 ce
1
2
−ǫ
0 e
−(κ4
2
−81)τ(Y)
[ ∞∑
n=1
1
n!
∑
(Z1,··· ,Zn)⊂Y
n∏
j=1
ce
1
4
− ǫ
2
0 e
−κ4
2
τ(Zj)
]
[ ∞∑
m=1
1
m!
∑
(P1,··· ,Pm)⊂Z
m∏
l=1
ce20 e
− 3
16
p0,λ τ(Pl)
]
6 ce
1
2
−ǫ
0 e
−(κ4
2
−81)τ(Y)
[ ∞∑
n=1
1
n!
(
ce
1
4
− ǫ
2
0
∑
Z⊂Y
e−
κ4
2
τ(Z)
)n]
[ ∞∑
m=1
1
m!
(
ce20
∑
P⊂Y
e−
3
16
p0,λ τ(P)
)m]
.
Following lemma 25, [12] (there exists a constant b, such that
∑
X∩Y 6=⊘ e
−a|X| 6 b), the
first bracketed term is bounded by ece
1
4−
ǫ
2
0 b and the second bracketed term is bounded by
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ec e
2
0b. Set κ5 =
κ4
2 − 81,
(5.12) ||K ′(Y, η)||w 6 ce
1
2
−ǫ
0 e
−κ5τ(Y).
Lemma 5.2 There exist a constant κ7 > 0 and sufficiently large such that
||K#(C, η)||w 6 ce
1
2
−ǫ
0 e
−κ7τ(C).
Proof From the definition (5.7)
(5.13)
||K#(C, η)||w 6
∑
∪i{Xi}∪k{Q˜k}∪m{Ym}=C
∏
i
||f(Xi, η)||w
∏
m
||K ′(Ym, η)||w
∏
k
||
∫
DΦQkDψ¯Q˜kDψQ˜k
∑
v on Q˜k:dv=0
ρ(Q˜k, η)||w
6
∑
∪i{Xi}∪m{Ym}∪k{Q˜k}=C
∏
i
ce2−2ǫ0 e
−κ′τ(Xi)
∏
m
ce
1
2
−ǫ
0 e
−κ5τ(Ym)
∏
k
ce20 e
− 3
8
pλτ(Qk)
∫
DΦQ˜kDψ¯Q˜kDψQ˜k e
−(mminγ3−p−1λ +c)||Φ′||2Q˜k
Let κ6 = min(κ
′, κ5, 38pλ). Since {Xi}, {Q˜k}, {Ym} overlap, τ(Xi)+ τ(Q˜k)+ τ(Ym) > τ(C),
we can extract a factor of e−κ6
τ(C)
2 . As large field regions are rare we only extract a factor
of e
1
2
−ǫ
0 from the dominant small field part and do the integration of the last term.
(5.14)
||K#(C, η)||w 6 e
1
2
−ǫ
0 e
−κ6
2
τ(C) ∑
∪i{Xi}∪m{Ym}∪k{Q˜k}⊂C
∏
i
ce2−2ǫ0 e
−κ′
2
τ(Xi)
∏
m
ce
1
4
− ǫ
2
0 e
−κ5
2
τ(Ym)
∏
k
ce20 e
− 3
16
pλτ(Qk)
∫
DΦQ˜kDψ¯Q˜kDψQ˜k e
−〈ψ¯,ψ〉Q˜k e
−(mminγ3−p−1λ +c)||Φ′||2Q˜k
6 e
1
2
−ǫ
0 e
−κ6
2
τ(C)
( π
mminγ3 − p−1λ + c
) |C|
2
[ ∑
∪i{Xi}⊂C
∏
i
ce2−2ǫ0 e
−κ′
2
τ(Xi)
]
[ ∑
∪m{Ym}⊂C
∏
m
ce
1
4
− ǫ
2
0 e
−κ5
2
τ(Ym)
] [ ∑
∪k{Qk}⊂C
∏
k
ce20 e
− 3
16
pλτ(Qk)
]
.
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Rewrite {Xi}, {Ym}, {Qk} as an ordered collection, (X1, · · · ,Xn1), (Y1, · · · ,Yn2) and (Q1, · · · ,Qn3)
and using |C| 6 81(τ(C) + 1)
(5.15)
||K#(C, η)||w 6 e
1
2
−ǫ
0 e
−(κ6
2
−81)τ(C)
[ ∞∑
n1=1
1
n1!
∑
(X1,··· ,Xn1 )⊂C
n1∏
i=1
ce2−2ǫ0 e
−κ′
2
τ(Xi)
]
[ ∞∑
n2=1
1
n2!
∑
(Y1,··· ,Yn2 )⊂C
n2∏
m=1
ce
1
4
− ǫ
2
0 e
−κ5
2
τ(Ym)
]
[ ∞∑
n3=1
1
n3!
∑
(Q1,··· ,Qn3 )⊂C
n3∏
k=1
ce20 e
− 3
16
pλτ(Qk)
]
.
Following lemma 25, [12] (there exists a constant b, such that
∑
X∩C6=⊘ e
−aτ(X) 6 b), the first
bracketed term is bounded by ec e
2−2ǫ
0 b, the second bracketed term is bounded by ece
1
4−
ǫ
2
0 b
and the third bracketed term is bounded by ec e
2
0b). Then for some κ7 =
κ6
2 − 81
(5.16) ||K#(C, η)||w 6 ce
1
2
−ǫ
0 e
−κ7τ(C).
Since K#(C, η) is small and has an exponential decay, we can use the standard procedure,
see for example [12], and write
(5.17)
∑
{Cl}
∏
l
K#(Cl, η) = e
∑
C E(C,η)
where
(5.18) E(C, η) =
∞∑
n=1
∑
{C1,··· ,Cn}:∪lCl=C
ρT (C1, · · · , Cn)
∏
l
K#(Cl, η)
where ρT is a function having a property that ρT (C1, · · · , Cn) = 0 if Cl can be divided into
disjoint sets and from [12]
(5.19) ||E(C, η)||w 6 ce
1
2
−ǫ
0 e
−κ7τ(C).
Rewrite the generating functional
(5.20) Z[η] =
(2π
e0
)−|T|+1(det C 12
det S
)
Z0(T) e
∑
C E(C,η)
and take the logarithm
(5.21) logZ[η] =
∑
C
E(C, η) + log
[(2π
e0
)−|T|+1(det C 12
det S
)
Z0(T)
]
.
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6. Mass Gap
6.1. Correlation functions. The truncated correlation function is defined as
(6.1)
〈ψ¯β(y2)ψα(y1)〉 − 〈ψ¯β(y2)〉〈ψα(y1)〉 = 1
e20
δ
δη¯α(y1)
logZ[η, η¯]
δ
δηβ(y2)
∣∣∣∣
η=η¯=0
=
1
e20
δ
δη¯α(y1)
∑
C
E(C, η, η¯) δ
δηβ(y2)
∣∣∣∣∣
η=η¯=0
E(η, η¯) =
∑
C E(C, η, η¯). There are no external bosonic sources. All the bosonic fields are
integrated out. Thus, we have a power series of E(η, η¯) as
(6.2) E(η, η¯) = b0 +
∑
z1,z2
η(z1) b(z1, z2)η(z2) + higher order terms
with
(6.3) ||E(η, η¯)||w =
∑
m>0
max
x∈X
max
16j62m
∑
z1,··· ,z2m
zj=x
eκt(z1,··· ,z2m) |b(z1, · · · , z2m)|.
Note that
(6.4)
∑
z1,z2
η(z1) b(z1, z2)η(z2) =
∑
y1,y2
∑
α,β
η¯α(y1) bα,β(y1, y2)ηβ(y2)
+
∑
y1,y2
∑
α,β
ηβ(y1) bβ,α(y1, y2) η¯α(y2).
The right hand side depends on η(z1), η(z2) with {z1, z2} ∈ C. When we take the derivative
term by term only those terms with {z1, z2} ∈ C contribute. Thus,
(6.5)
δ
δη¯α(y1)
E(η, η¯)
δ
δηβ(y2)
∣∣∣∣
η=η¯=0
=
δ
δη¯α(y1)
∑
C⊃{y1,y2}
E(C, η, η¯) δ
δηβ(y2)
∣∣∣∣∣∣
η=η¯=0
=
∑
C⊃{y1,y2}
bα,β(y1, y2)− bβ,α(y1, y2)
Since η = η¯ = 0 only one term survives; sum over α, β, y1, y2 collapses to a single term for
every C.
We have shown that
(6.6) ||E(C, η)||w 6 ce
1
2
−ǫ
0 e
−κ7τ(C).
Let C ⊃ {y1, y2} and t(y1, y2) denotes the length of the shortest tree joining sites y1, y2
such that t(y1, y2) = |y1 − y2|. Then by definition τ(C) = [rλ]−1|y1 − y2|. Therefore, for
C ⊃ {y1, y2},
(6.7) ||E(η, η¯)||w 6 ce
1
2
−ǫ
0 e
− κ7
[rλ]
|y1−y2|.
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From (6.3) and (6.7) with κ = 0
(6.8) |b(y1, y2)| 6 e−κt(y1,y2)||E(η, η¯)||w 6 ce
1
2
−ǫ
0 e
− κ7
[rλ]
|y1−y2|.
Therefore,
(6.9)
|〈ψ¯β(y2)ψα(y1)〉 − 〈ψ¯β(y2)〉〈ψα(y1)〉| = 1
e20
|
∑
C⊃{y1,y2}
bα,β(y1, y2)− bβ,α(y1, y2)|
6
1
e20
∑
C⊃{y1,y2}
ce
1
2
−ǫ
0 e
− κ7
[rλ]
|y1−y2|
6 c
1
e20
e
1
2
−ǫ
0 e
− κ7
2[rλ]
|y1−y2| ∑
C⊃{y1,y2}
e
− κ7
2[rλ]
|y1−y2|
6 ce
− 3
2
−ǫ
0 e
− κ7
2[rλ]
|y1−y2| ∑
C⊃{y1,y2}
e−
κ7
2
τ(C)
6 ce
− 3
2
−ǫ
0 e
− κ7
2[rλ]
|y1−y2|
where in the fourth line we have used τ(C) = [rλ]−1|y1 − y2|.
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